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Let either, then, of the two figures ABC, XYZ be taken, for example ABC 
itself, with the portions of the parallels PQ, RS coterminous with it, namely 
the portions PA, RB, and let it be superposed upon the other figure X YZ, 
but so that the lines PA, RB may fall upon AQ, CS; then either the whole 
figure ABC coincides with the whole figure X YZ (and thus, since they coincide 
with each other they are equal), or not; yet let there be some part which will 
coincide with some part, as XMC’YThL, part of the figure ABC, with 
XMC’YTHL, part of the figure X YZ. 

It is manifest, moreover, if the superposition of the figures is effected in 
such a way that portions of the parallels PQ, RS coterminous with our two 
figures are mutually superposed, that whatever straight lines (included in the 
figures) are in line, remain in line; as, for example, since EF, GH are in line 
with TV, when the aforesaid superposition is made they will remain in line 
(namely E’F’TH’ in line with TV), for the distance of those lines EF, GH 
from PQ is equal to the distance of 7V from PQ; whence, no matter how many 
times PA is placed over AQ, at any place, EF, GH will always remain in line 
with TV, which is clearly apparent not only for this but for all other lines 
parallel to PQ in either figure. 

In the case where part of one figure (as ABC) coincides of necessity with 
part of the figure X YZ, and not with the whole, granting that the superposition 
be made by such a rule as has been told, the demonstration will be as follows. 
For since when any parallels are drawn to PQ, the portions of them, included in 
the figures, which were in line, will still remain in line after superposition, and 
moreover since they were by hypothesis equal before superposition, therefore, 
after superposition the portions included in the figures will likewise be equal— 
as, ¢. g., E’F’, TH’ taken together will be equal to 7V—therefore, if E’F’, TH’ — 
do not coincide with the whole of 7V, then, one part [of one] coinciding with 
some part [of the other], as 7H’ with TH’ itself, E’F’ will be equal to H’V, 
E’H’ being in the residuum of the figure ABC which is superposed, and H’V 
in the figure X YZ upon which the other is superposed. In the same way we 
shall show that to any line whatever parallel to PQ, and included in the residuum 
of the superposed figure ABC (which may be LB’YTF’) corresponds an equal 
straight line, in line [with the former], which will be in the residuum of the figure 
XYZ on which ABC is superposed; therefore, the superposition being made 
by this rule, when anything of the superposed figure is left over and does not 
fall upon the figure, it must be that something of the other figure must also be 
left over, and have nothing superposed upon it. 

Since, moreover, to each of the straight lines parallel to PQ and included in 
the residuum (or residua, for there may be several residual figures) of the super- 
posed figure ABC (or XB’C’) there corresponds another straight line, in line 
[with the first] and included in the residuum (or residua) of the figure X YZ, 
it is manifest that these residual figures, or their aggregates, are between the same 
parallels; so since the residual figure LB’Y TF’ is between the parallels DN, RS, 
likewise the residual figure (or aggregate of residual figures) of the figure X YZ 
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(because it has the frusta Thg, MC’Z) will be between the same parallels DN, RS. 
For if it did not extend both ways to the parallels DN, RS, as for example if it 
extended up to DN, but not down to RS, only as far as OU, then to the straight 
lines included in the frustum E’B’YfF’, and parallel to PQ, there would not be 
found in the residuum of the figure X YZ (or in the aggregate of the residua) 
other corresponding lines as has been proved to be unavoidable. Therefore these 
residua, or their aggregates, are between the same parallels; and the portions 
of the lines parallel to PQ, RS, included therein, are equal, as we have shown 
above; therefore the residua are subject to the same condition as has been 
assumed for ABC, XYZ; that is, they are analogues. 

So let the residua be now superposed, but so that the parallels KL, CY 
may fall upon the parallels LN, YS, and the part VB’’Z of the frustum LB’ YTF’ 
may coincide with the part VB’’Z of the frustum MC’Z; then we shall show, as 
above, that as long as there is found a residuum of one, there will be found 
also a residuum of the other, and these residua, or aggregates of residua, will be 
found within the same parallels. Let L/VZY’G’F” be a residuum belonging to 
the figure ABC; and let MC’B’’V, Thg, be residua belonging to the figure X YZ, 
whose aggregate is between the same parallels as the residuum L/VZY’'G’F”, 
that is, between DN, RS. If now we superpose these residua again, but so that 
the parallels between which they lie be always superposed respectively, and this is 
supposed to be done continually, until the whole figure ABC shall have been super- 
posed, I say the whole of it must coincide with X YZ; otherwise if there were any 
residuum of the figure X YZ,-upon which nothing is superposed, there would be 
also some residuum of the figure ABC which would not have been superposed, 
as we have shown above to be unavoidable; but it is granted that the whole of 
ABC is superposed upon X YZ, therefore they are so superposed upon each other 
that there are no residua of either, therefore they are so superposed that they 
coincide, therefore the figures ABC, X YZ are equal to each other. 

Now in the same diagram let ABC, X YZ be any two solid figures constructed 
between the same parallel planes PQ, RS; and let DN, OU be any planes drawn 
equidistant from the planes previously spoken of; and let the figures that lie 
in the same plane and that are included in the solids be equal to each other 
always; as JK equal to LM, and EF, GH, taken together (for a solid figure, 
for example ABC, may be hollow in any way within, according to the surface 
FfGg), equal to TV. I say that these solid figures are equal to each other. 

For if we superpose the solid ABC, with the portions PA, RC of the planes 
PQ, RS, coterminous with it, upon the solid X YZ, in such a way that the plane 
PA be on the plane PQ, and the plane RC on the plane RS, we shall show (as we 
did above about the portions of the lines parallel to PQ included in the plane 
figures ABC, X YZ) that the figures included in the solids and lying in the same 
plane will also.after superposition remain in the same plane; and therefore thus 
far the figures included in the superposed solids are equal,—and parallel to 
PQ, RS. 


Then unless the entire solid coincides with the other solid entire in the first 
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superposition, residual solids will remain, or solids composed of residua, in either 
solid, which will not be superposed upon each other. Because since for example 
the figures E’F’, TH’ are equal to the figure 7V, then when the common figure 
TH’ is taken away, the remaining figure E’F’ will be equal to the remaining figure 
H'V; and this will happen in any plane whatever parallel to PQ and meeting 
the solids ABC, XYZ. Therefore whenever we have a residuum of one solid, 
we shall always have a residuum of the other also; and it will be evident, ac- 
cording to the method applied in the former part of this Proposition in the case 
of plane figures, that the residua of the solids, or the aggregates of residua, will 
always be between the same parallel planes (as the residua LB’YTF’, MC’Z, 
Thg are between the same parallels DN, RS) and will be analogues. 

Now if these residua be superposed again, so that the plane DL will be placed 
on the plane LN, and RY on YS, and this is understood to be done continually, 
until ABC, which is being superposed, is entirely taken, the entire solid ABC 
will finally coincide with the entire solid XYZ. For when the entire solid ABC 
is superposed upon X YZ, unless they coincided there would be some residuum 
of one, as of the solid X YZ, therefore also some residuum of the solid XB’C’, 
or ABC, and this residuum would not be superposed; which is absurd, for it 
is already assumed that the entire solid ABC is superposed on XYZ. Therefore 
there will not be any residuum in these solids; therefore they will coincide; 
therefore the solid figures spoken of, ABC, X YZ, will be equal to each other, which 
was to be proved of them. 


MATHEMATICAL FORMS OF CERTAIN ERODED 
MOUNTAIN SIDES. 


By T. M. PUTNAM, University of California. 


In some of the desert regions of the west, visited by occasional heavy rain- 
storms, the formation is such that erosion takes place in a way that makes it 
possible to calculate approximately the form of the curve of intersection of the 
eroded slope and the alluvial fan of the plain. 

This problem has been suggested by Professor A. C. Lawson of the depart- 
ment of geology of the University of California. He has formulated the hypothe- 
ses used below and the forms of the curves here obtained have been closely 
approximated by the actual geological conditions observed by him. 

In the figure SpORo7) is the contour of valley, hillside and plateau at some 
initial time. The table land Ro7) may be taken as inclined at a small angle 
C to the horizontal direction T7>¥Y. The valley OS, is assumed to be inclined at 
an angle B. The eroded material OR)RH comes off in layers and is deposited in 
the valley in the position SpSHO. The slope of erosion as well as the floor of 
the valley maintains, in the observed regions, a fairly constant inclination. Both 
inclinations are assumed constant in these calculations. The line S)S, at the low 
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point in the valley, is taken vertical. An alluvial fan, similar to the one under 
discussion, would be deposited from the opposite slope also terminating at SoS. 
The problem is to find the locus of the point H, or in other words the form of 


the uneroded portion of a cross-section. The geometrical conditions require 
that the area OR)RH be equal to the area SpSHO. 

Choosing oblique coérdinates as indicated in the figure and letting OS = a, 
OR, = band 7 ORN = A, it follows that 


MR RH = x(b — y) sin (A + C— B) +5 sin (A + C — B) 


sin A , 
2 . 
SoSMO = ay sin (A + C — B) +5 cos (A + +C— B) 


Equating these two expressions and letting 


ews (A+ 0) 


ma eos B 
one obtains the equation of the locus of H in the form 
— — Qy? + — 2ay = 0. 


To investigate the form of this conic one considers the sign of 1+ PQ. 
Conditions occurring in nature require A+ C > B hence 0< Q< 1. Since 
A> B— C then when B > C we have |P| <1. Hence 1+ PQ>0. There- 
fore the conic is always a hyperbola in the cases under consideration. 

The discriminant! of the equation is b’?Q + 2ab — a?P which vanishes when 


Since a/b is positive this requires that P > 0 and hence C> B. Under this 


1C. Smith, Conic Sections (1912 ed.), page 43. 
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condition there is for every set of angles A, B, C one ratio a: b for which the 
locus is a straight line. — 

The tangent to the curve at 0 is parallel to the line SpR and at any point H 
it is parallel to the line SR. The curve is concave downward 


The special case B = C = 0 is of interest. The equation now becomes 
cos Ay? + 2ay — 2bx + 2ay = 0. Using rectangular coédrdinates, uw and v, with 
the old origin and X-axis, 


u=x+ycsA, v=ysinA, 
the equation becomes 
cot A-v? — 2uv + 2ku — 2hv = 0, 


where h=a+bcosA, k=bsin A. The center is at the point (—a, k) 
which is the point where SoS meets the now horizontal line TR. One of the 
asymptotes is the line Ro7>. The curve is concave downward in this case and 
the uneroded portion tends to become horizontal as erosion progresses. It 
might be expected that Ro7> is always an asymptote, but this is the case only 
when Z B= P= 0. 


THE OBSOLETE IN MATHEMATICS. 
By G. A. MILLER, University of Illinois. 


The present article was suggested by extravagant claims made in the adver- 
tisements of some general works of reference. As an extreme case we may refer 
to recent advertisements of the Mathematical Dictionary and Cyclopedia of 
Mathematical Science by Charles Davies and W. G. Peck, which contained the 
following statements: “A standard work for 60 years.” “Definitions of all 
terms employed in mathematics, an analysis of each branch and the whole as 
forming a single science.” 

The claims represented by these quotations, which many readers of this 
Monta ty have doubtless seen, present a serious affront to our intelligence, since 
any mathematical reader should at once recognize that these claims must be 
false even if he has never heard of the work in question. Hence it is not the 
object of the present article to establish their extravagance. Those who have 
only a slight knowledge of the mathematical advances during the last sixty 
years know that a work written at the beginning of this period could not ‘contain 
definitions of all the important terms now employed in mathematics. 

On the other hand, it will probably be of interest to those readers who have 
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not had an opportunity to examine the mathematical dictionary mentioned 
above to be furnished a few evidences from its pages of the great mathematical 
advances made during the last sixty years, especially in our own country. It 
may be desirable to emphasize the last phrase in the preceding sentence since 
American mathematics was not then in as close contact with the best mathematics 
of the world as it is to-day. 

As evidence of this fact we may note that the dictionary under consideration 
does not contain the term determinants, although the subject of determinants 
had been extensively developed in Europe at a much earlier date and had soon 
found its way into many of the textbooks on algebra.’ In fact, two separate 
books on determinants, viz., Elementary Theorems Relating to Determinants, 
1851, by W. Spottiswoode, and La Teorica det Determinanti, 1854, by F. Brioschi, 
had appeared before the date 1855, when the dictionary by Davies and Peck 
was “entered according to act of Congress.” 

The cited omission may serve to illustrate the fact that this dictionary -was 
in many ways a half century behind the times when it was published, and 
hence it is simply ridiculous to claim that it has been “a standard work for 60 
years.” As evidence of the fact that in some respects it was actually more than 
a half century behind the times when it was published we need only cite the 
following definite statement, “The Calculus of Variations is the highest branch of 
mathematics,” which appears under the term mathematics and also under Calculus 
of Variations. Another evidence of the same fact appears under the term limit 
in the following words: “A quantity towards which a varying quantity may ap- 
proach to within less than any assignable quantity, but which it cannot pass.” 

The preceding remarks are not intended to convey the idea that the mathe- 
matical dictionary by Davies and Peck is of no value to the modern student of 
mathematics. They are, however, intended to convey the writer’s conviction 
that as a work of reference for reliable information this dictionary cannot be 
recommended since it represents too many obsolete views and omits too many 
of the modern notions and developments. Some of these obsolete views are of 
much interest, partly because they represent approximately the stage of American 
mathematics a little more than half a century ago and also because they exhibit 
difficulties which the teacher is apt to overlook unless they are explicitly brought 
to his attention. 

Among the obsolete mathematical methods which have received considerable 
attention in the history of elementary mathematics are those which relate to 
the four fundamental operations of arithmetic. Some of these methods are quite 
complicated from our present point of view but they often serve to give a deeper 
insight into the real meaning of these operations. This is true, in particular, 
as regards the operation of division. 

Among the methods of division which were employed before the fifteenth 
century, when the present method began to be used, those included under the 
term complementary division were widely adopted during the Middle Ages. 


1Cf. T. Muir, The Theory of Determinants, second edition, 1906, p. 14. 
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We proceed to give the principle of these methods by reproducing the explana- 
tions found in the Encyclopédie des Sciences Mathématiques, tome 1, volume 4, 
page 208. 
Let A be the dividend, B the divisor having n figures. If 
B = +.4:-10 + 2-10? + + ay_1-10"", 
A= ko- 10" + ki, where ki < 10", 
d = 10" —B, 
it results that 
A _koi(B+d) +h 
B B 
When kod + k; < B the desired quotient is ko and the remainder is kod + ki. When B S kod 
+ ki < 10", the quotient is equal to kp increased by a number less than 10, which may be found 
by subtracting the divisor B a certain number of times from kod + k;. Finally, when kod + ky 
= 10" the original process may be repeated regarding kod + k; as the dividend. Hence one 


can always find the quotient of A/B by a finite number of trials and by adding the partial quotients 
obtained in the manner just described. 


= ky + P 


We have reproduced here this explanation of an obsolete method partly 
because it may be of intrinsic interest to some of the readers of the MonTHLY 
and partly because it seems to serve well to illustrate the value of some of the 
obsolete in mathematics. Obsolete mathematical literature has its place but 
it should generally not be used until after one is familiar with the more recent 
literature. This principle should perhaps also be observed in mathematical 
history whose chief function should be to clarify modern developments and not 
to save the obsolete from oblivion. 

As an instance of the usefulness of obsolete terms in mathematics we may 
refer to the “Rule of Three.” If one-reads about the arithmetical troubles of 
our grandparents one is apt to come across this term. Hence it is desirable to 
know that it is merely another name for proportion. Perhaps to future genera- 
tions the terms variation and proportion will appear equally obsolete since these 
are merely names for special equations. 

The Davies and Peck dictionary is rich in obsolete terms. While one cannot 
find the term abelian in this dictionary one does find two or three pages on 
alligation, alligation medial, alligation alternate. While one does not find the 
term radian one does find the term sine of an arc, defined as “the distance of an 
extremity of an arc upon the diameter drawn through the other extremity,” 
and an explanation of the difference between sine of an arc and sine of an angle. 
We are also told that to cipher “is a common term, which is applied to the per- 
formance of any arithmetical operation by pupils.” 

Perhaps the most helpful lesson that the modern student of mathematics is 
apt to learn from such works as the mathematical dictionary by Davies and Peck 
is the great advantage of precise statements. While modern mathematical 
works are not always free from ambiguous statements one cannot help noticing 
a great improvement when one compares them as a whole with those written 
half a century ago. As an illustration we may cite the second sentence of the 
first article in the dictionary under consideration. “Among the ancients it 
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[the letter A] was used as a numeral denoting 500, or, with a dash over it, thus, A, 
it stood for 500,000.” 

The question at once arises what ancients are meant. The number systems 
of the ancient Babylonians, the ancient Egyptians, the ancient Greeks, etc., 
do not reveal such a use of the letter A as a number symbol. FErom che fact 
that in medieval times the Romans sometimes used the horizontal bar above a 
number symbol to denote that the number represented by this symbol is to be 
multiplied by 1,000 leads one to suspect that the term “ancients” in this quota- 
tion probably refers to the Romans in the Middle Ages, but there is nothing in 
the article itself which would aid one in reaching this conclusion. 

To teachers of mathematics the obsolete methods, viewpoints, and terms 
should be of peculiar interest since they involve elements which were once attrac- 
tive, and were replaced by others which were still more attractive. The genesis 
of our modern methods and viewpoints may reveal possible further improvements, 
and a knowledge of the obsolete may enable us to assist more effectively in 
consigning to the obsolete those things which could now be replaced by the 
more useful. 


A SUBSTITUTE FOR DUPIN’S INDICATRIX. 
By C. L. E. MOORE, Massachusetts Institute of Technology. 


1. Dupin’s Indicatrix. Let the surface be given in the form z= f(z, y) 
and let us take the origin at a non-singular point and take the tangent plane 
at the origin for the zy-plane. Then z can be expanded into an infinite series 
in x, y which will begin with the second-degree terms, 


(1) z= + + by’) + ---, 


where the terms omitted are of higher than the second order. One method of 
obtaining Dupin’s indicatrix then is to write 


(2) ax? +- 2hey + by? = +1. 


If this conic is an ellipse then use the sign on the right, which will make it real 
and if it is an hyperbola use either sign. We note that in case this conic becomes 
a parabola it degenerates into two coincident lines and never takes the form of a 
general parabola. Points on the surface are then classified as elliptic, hyperbolic 
or parabolic according as the indicatrix is an ellipse, hyperbola or two coincident 
straight lines. The axes of the indicatrix correspond to the directions of the 
lines of curvature on the surface. The direction of the asymptotes of the indi- 
catrix are the same as the direction of the asymptotic lines of the surface. Two 
directions on the surface are said to be conjugate if they coincide with conjugate 
diameters of the indicatrix. So we see that the indicatrix is quite intimately 
associated with the important directions on the surface. 

It always seemed to me however that there was something arbitrary in the 
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choice of this conic because we take the second-degree terms and set them equal 
to a constant and,be careful that the constant is so chosen that the conic is 
real. It would seem more reasonable to me to set the second-degree terms equal 
to zero. If this were done the two lines into which it factors would give the 
asymptotic directions and the bisectors of the angle between them would give 
the direction of the lines of curvature. Conjugate diameters do not depend 
on the equation of a conic but only on the directions of the asymptotes so that 
conjugate directions could be defined if we should take as directrix the two 
lines obtained by setting the second-degree terms equal to zero. The method 
used by de la Vallee-Poussin in his Cours d’analyse to obtain the Dupin indicatrix 
is not open to the above objection. He measures on each tangent line to the 
surface at O a length OT equal to the square root of the radius of normal curva- 
ture for that direction. The locus of T is the Dupin indicatrix. 

If one wishes to study the theory of surfaces in higher dimensions he will 
find that the indicatrix does not easily generalize and that the sort of things 
which it shows about the surface have very slight connection with the sort of 
things which the indicatrix shows for surfaces in three dimensions. For these 
reasons I venture to offer a substitute for the indicatrix. 

2. Substitute for Dupin’s Indicatrix. In what follows we shall be more 
interested in curvature than the radius of curvature of a curve and shall use the 
term normal curvature at a point to denote the curvature of the section of the 
surface made by a plane which contains a tangent line and normal to the surface 
at that point. The normal curvature depends on the particular tangent line 
taken. The following discussion will be given only to show properties of the 
surface in the neighborhood of a point and for simplicity we will take the point 
under discussion for the origin and will use equation (1) for the equation of the 
surface. The substitute which I propose for the indicatrix is then obtained as 
follows: Measure on the normal to the surface at O (the axis of z) a distance OC 
equal to the normal curvature in any direction. The locus of C, as we vary the 
direction, is a section of the normal. The position of this segment with respect 
to the surface point (origin in this case) tells us as much about the character of 
the surface as does the indicatrix of Dupin. We shall see that this segment may, 
with advantage, be considered as a degenerate ellipse. This locus generalizes 
quite readily for higher dimensions, but in that case the locus is not, in general, 
a degenerate ellipse. 

Let the axes of the conic (2) be taken for the z- and y-axes, that is let the 
x- and y-axes be tangent to the lines of curvature. The equation of the surface 
then takes the form 


(3) Az’?+ By+-:--. 
Any plane passing through the normal (z-axis) is 
(4) y = ke, 


and any normal section is obtained by taking (3) and (4) simultaneously. We 
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will now find the curvature of such a normal section. The curvature of a twisted 
curve given in the form 


z=f®), y=, 2= h(t 
is 

ds? ds? ds? if” g” + h? pe 
where s denotes the arc length and primes denote derivatives with respect to t.! 
To apply formula (5) to the curve in hand we first substitute (4) in (3) and then 
the parametric equations of the curve become 

L= 2, y = kz, z= (A+ Bk )2?+---, 


where x is the parameter. Now applying (5) we have 


_A+t Br 
(6) 1+ 
Solving for k? 
A-c 
(7) 


and from this last expression we see that for real normal sections, that is for 
real values of k, c must lie between A and B. If then we measure on the normal 
OA = A and OB = B we see that the point C (the end of the normal curvature) 
will trace out the segment AB twice, since for each value of ¢ there are two 
values of k. To the same value of c there correspond two values of k equal 
but opposite in sign, hence the directions in which the normal curvatures are 
equal are equally inclined to the lines of curvature. 

If we denote the normal curvature in the direction of the lines of curvature: 


that is along the z- and y-axis, by c; and c, and their radii of curvature by R, 
and R, we have 


1 1 
a= A, 


The mean curvature is then 
H=3(A+ B). 


= B. 


If we substitute H for c in (7) we find that the directions on the surface for which 
the normal curvature is H are k = +1 and that therefore these directions 
bisect the angles between the lines of curvature and are perpendicular to each 
other. Now take two perpendicular directions k and — (1/k) on the surface. 
For the normal curvature in these directions we have 


_A+ Bh 


1 See Wilson’s Advanced Calculus, p. 85. 
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and hence 
He’ +c") = B) =H. 


That is the average of the normal curvatures in two perpendicular directions is 
equal to the mean curvature. This means that C’ and C” are equally distant 
from the middle of the segment AB. If now we look on AB as a degenerate 
ellipse A and B are its vertices and H its center and to each direction on the sur- 
face corresponds a point on this degenerate ellipse. The ends of a diameter here 
will be points equally distant from the center but the values of k to which they 
correspond must be taken with opposite signs. With this convention then we 
can say that the ends of a diameter correspond to perpendicular directions. As 
appears then the two halves of the ellipse can be distinguished by saying that one 
side corresponds to positive values of k and the other side corresponds to negative 
values. 

For a surface whose equation has the form (1), conjugate directions coincide 
with the directions of the conjugate diameters of the conic 


Ax? + By? = 1. 


Then the conjugate to any direction k is — (A/Bk) and we find for the radii of 
curvature for normal sections in two such directions 


A+ Be’ = AB(A + BR)’ 
Hence 
A + B 
3(R’ + R”) = i 3(Ri + Re) = Rn, 


where R,, simply denotes the mean of the radii of curvature in the directions of 
the lines of curvature. The normal radii of curvature in two conjugate directions 
have the same relation to the mean radius of curvature that the curvature in 
two perpendicular directions has to the mean curvature. This property can 
then be used to define conjugate directions on the surface, that is two directions 
are conjugate if the mean of their normal radii of curvature is the mean radius of 
curvature. 

The asymptotic directions are those in which the normal curvature is zero. 
These directions are k = + ~V— A/B. If then A =O both these directions 
coincide in the z-axis and likewise if B = O they both coincide in the y-axis. 
But if either A = O or B = O the segment AB has one end at 0. If A and B 
have like signs the above values of k are imaginary and therefore the asymptotic 
directions are imaginary. This means that 0 is not a point of the segment AB. 
If A and B have different signs the asymptotic directions are real. In this 
case O is a point of the segment. A minimal surface is one for which H is zero 
for each point of the surface. Expressed in terms of the segment we see that 
for a minimal surface O must be the middle point of the segment. 

The segment AB will then indicate about as much as the Dupin indicatrix. 
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The only exception being conjugate directions -which coincide with conjugate 
diameters of the indicatrix. The segment shows that if 0 is not a point of AB 
the curvature of each normal section through O has the same sign and hence 
the surface is dome shaped at this point. This is usually called an elliptic point. 
If O is a point of the segment, not coincident with A or B, then some directions 
have positive normal curvature and some have negative. At such a point the 
surface is saddle shaped. These points are usually called hyperbolic. If O 
coincides with either A or B then in all directions the normal curvature has the 
same sign but there is a single value for which it is zero. These are called 
parabolic points. 

The advantage of using the locus of the end of the normal curvature OC for 
an indicatrix shows up best in higher dimensions for the locus is, in general, not 
a degenerate ellipse. In higher dimensions there is a different direction of the 
normal to the surface for each direction in the tangent plane. The character 
of the surface is indicated by the position of the ellipse with reference to the 
surface point 0. For example if the surface is a general one there is no relation 
between the plane of the ellipse and the point 0. If the plane of the ellipse 
passes through 0 then, at this point, the surface has the character of a surface 
in a four-dimensional space. If 0 lies on the ellipse the point is called parabolic. 
If the ellipse degenerates into a segment, but the line on which it lies does not 
pass through OQ, the surface then has a special four-dimensional character having 
on it lines which have many of the properties of lines of curvature on surfaces in 
three dimensions. If the line of the segment passes through 0 then the surface 
has the character of a surface in ordinary space, at that point, and all the different 
cases which we have discussed in the preceding paragraph have the same meaning 
that they had in three dimensions. For the proof of these results for higher 
dimensions see “ Differential Geometry of Surfaces in Hyperspace,” by E. B. 
Wilson and C. L. E. Moore, Proceedings of the American Academy of Arts and 
Sciences, Vol. 52, 1916. 

3. Expression in Parametric Form. The equation of the surface is often 
given in parametric form and therefore I shall indicate briefly how these same 
results would appear in parametric form. The formulas used can be found in 
any book on surface theory such as Ejsenhart’s Differential Geometry. Let the 
surface be given by the equations 


(8) y=x(u,r, 2= »). 


If u and » are functions of a single paramenter or if v is a function of u then equa- 
tions (8) are the equations of a curve traced on the surface. From differential 
geometry it is well known that the differential of arc of a curve traced on the 
surface is 


ds? = Edw? + 2Fdu dv + Gdv*, 


_ (au)? (2) 
B= (3) + (32) 


where 
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_ Oxdx , , Iz dz _ (dz? dy \’ dz \? 
Ou dv’ a= (5) =). 
If the parameter curves, that is the curves wu = const., 0 = const., are orthogonal 
it is well known that F = 0. The curvature of any normal section of the surface 


is given by the formula 


_ Ld’ + 2M dudv+ N de 


(9) + OF dudo+ Gide’ 
where 
Ox Oz Or dx dz! 
du du av dudv du av 
VEG — F2|0uw du VEG — F2|\0udv du dv)’ 
Oz Oz Oz 
du av dudv du av 
Ox dz! 
de 


Pz dz dz) 
de du 


If the parameter curves are conjugate curves then M = 0. The directions of 
the lines of curvature are known to be conjugate and also orthogonal directions. 
Then if we take them for parameter curves both M = 0 and F= 0. The direc- 
tion of a curve on the surface is defined by the ratio dv/du, that is, to each direc- 
tion through a given point on the surface corresponds a single value of dv/du 
and vice versa. Then writing k = dv/du and taking the lines of curvature for 
parameter lines equation (9) takes the simple form 


L+ NF L — Ee 
E+ Gk’ from which (11) 2 = N° 


From the expressions for E and G we see that they are both positive and therefore 
from (11) for real values of k, that is for real directions on the surface, ¢ must lie 
between L/E and N/G. Hence if we measure on the normal line a length equal 
to the normal curvature as was done in § 2 we see that the end of the curvature 
will trace out a segment from L/E to N/G. Since there are two values of k 
for a single value of c each point of this segment will be counted twice¥ The 
values of k corresponding to the same value of c differ only in sign, hence directions 
for which the normal curvatures are equal are equally inclined to the lines of 
curvature (the parameter lines in this case). We can see this by applying the 
formula for the angle between two directions k, and ke 


(10) 


VEG — du 
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E+ Ghiks 
VE + VE + Gh?’ 


(12) cos 6 = 


for the case in which the parameter curves are orthogonal. If we set k, = k, 
k. = 0 the above statement is verified. 

If we denote the curvature of the lines of curvature by ¢c; and cz and the 
corresponding radii of curvature by Ri, R, we have 


The mean curvature is then 
LG+ NE 


If H is substituted for c in (10) it is found that the two directions on the surface 
whose normal curvature is H are k = + VE/G. Substituting these values for 
k, and ky in (12) it is seen that these two directions are orthogonal. From (12) 
we see, in general, that two directions are orthogonal if 


E + Ghk, = 0. 


Now if we take a direction & and the direction perpendicular to it we find for 
the normal curvature in these two directions 


»_ Lt NP » _ LOK + 
E+GE’ ° ~EGE+ GE)’ 
and hence 
IG+ NE 
+ c ) 2EG E 


Hence the average of the curvatures in two perpendicular directions is constant 
and equal to the mean curvature H. We can now consider the segment as a 
degenerate ellipse just as in § 2. 


From surface theory we also know that, if M = 0, conjugate directions are 
such that 


For two such directions we have for the radii of curvature R’, R’’ 


~ L+ Ne’ ~ NL(L + NR)’ 


3(R’ + R”) = 3(Ri + Ry) = Rn. 


R’ 


and hence 


This last equation may then be used as a definition for conjugate directions. The 
remainder of the discussion would be the same as that given in § 2. 


(14) L+ Nkike = 0. 
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THE WORK OF THE NATIONAL COMMITTEE ON 
MATHEMATICAL REQUIREMENTS. 


By J. W. Youne, Chairman. 


A preliminary report of the National Committee on Mathematical Require- 
ments, covering the first meeting of the committee in Cambridge in September, 
1916, was published in the AmertcAN MatuematicaL Montaty, Volume 23 
(October, 1916), page 283. Since that time the committee has held meetings 
in New York, December 28 and 29, 1916, and in Cleveland on September 3, 
1917. Most of the work of the committee has, of course, been done by corre- 
spondence and through the individual efforts of members. Since the work 
undertaken by this committee should be of general interest to the members of 
the association, a brief account of the progress made is here given. 

It will be recalled that the committee voted at its first meeting to re- 
quest certain associations of teachers of mathematics to appoint representa- 
tives on the committee with special reference to its work relating to secondary 
schools. The associations in question complied with this request and as a 
result the original committee has been enlarged by the appointment of the 
following: 

Mr. G. W. Evans, of the Charlestown High School, Charlestown, Mass., repre- 
senting the Association of Teachers of Mathematics in New England. 

Miss Vevia Buarr, of New York City, representing the Association of Teachers 
of Mathematics in the Middle States and Maryland. 

_Mr. J. A. Fosere, of the Crane Technical High School, Chicago, Illinois, 
representing the Central Association of Science and Mathematics Teachers. 

Furthermore, Professor E. L. Thorndike, of Columbia University, has con- 
sented to act in an advisory capacity for the committee on questions relating to 
psychology. 

At the December, 1916, meeting it was decided to organize the work of the 
committee by subdividing this work into topics and making some one member 
of the committee responsible for a report on each topic. These topics and the 
members to whom they have been assigned are as follows: 

Topic A: “ The Valid Aims and Purposes of Mathematical Study ”—Pro- 
fessor Young. 

Topic B: “ Recent Criticisms of Mathematics ”—Professors Tyler and 
Smith. 

Topic C: “ Formal Discipline and the Transfer of Training ”—Miss Blair. 

Topic D: “ Desirable Topics of Algebra and their Treatment ”—Mr. Evans. 

Topic E: “ Scientific Investigations ”—Professor Crathorne. 

Topic F: ‘ Questionnaires ’—Professor Crathorne. 

Topic G: “ World Experience as to Mathematical Curricula and the Train- 
ing of Teachers.” This topic has not as yet been assigned. 

The present state of the work on these topics is as follows: 
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Topic A.—A preliminary report on this topic has been submitted to Professor 
Young by Mr. J. A. Foberg. This report was drawn up by a sub-committee 
of a committee of the Central Association of Science and Mathematics Teachers. 
A discussion of this topic has also been secured at the request of Professor Young 
from Professor Hedrick. Certain other preliminary material is expected soon 
and it is hoped that a report may be made to the committee within the next few 
months. 

Topic B.—Professors Tyler and Smith are codperating on a report which, 
it is expected, will be ready some time in December. 

Topic C.—Miss Blair submitted a report on her topic last summer and is 
now engaged in a revision and expansion of it with a view to early publication. 

Topic E.—Professor Crathorne submitted an extensive summary of the results 
of recent scientific, statistical investigations relating to mathematical require- 
ments last spring and submitted a second report during the summer, suggesting 
that the committee carry out certain specific investigations of its own. At its 
meeting in Cleveland last September it was decided to carry out the work sug- 
gested by Professor Crathorne. It is hoped that a detailed account of the nature 
of the proposed investigation can be published in an early number of the 
MonruLy. 

Topic G.—Responsibility for this topic will be assigned in the near future. 

This indicates in broad outline the larger phases of the committee’s work. 
Many matters of more special interest have been before the committee during 
the past year but hardly seem to call for comment here. It is hoped that further 
information concerning the work of the committee may be published as occasion 
arises in future numbers of the Monruty. 


BOOK REVIEWS. 
SEND ALL comMuNIcATiIons TO W. H. Bussry, University of Minnesota. 


Introduction to the Calculus of Variations. By Extwoop Byer ty. 

Harvard University Press, Cambridge, 1917. 48 pages. 

Having just finished using this little book as a basis of instruction in a short 
course in advanced calculus given during the summer session, we venture to give 
expression to our sentiments regarding it. 

In the first place, we believe that any book on an advanced mathematical 
topic may be called good for one or the other of two reasons: either it is good 
because of the depth and rigor of its scholarship or it is good from the fact that, 
though written quite regardless of the “fine points,” it somehow meets very 
squarely the actual needs of the great majority of our advanced students as we 
find them in our ordinary American university classes to-day. It might seem 
that these two types should be the same, but they are not. It is of course highly 
desirable that we cultivate and produce books of the first or primarily scholarly 
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type, but it is clearly all the more desirable that we write books which, whatever 
else be said of them, are conspicuous successes in stimulating the rank and file 
of our students and in furnishing them with a proper “first approximation” to 
the first, or more profound type of book. The book before us by Professor Byerly 
is an excellent example of this second, or primarily helpful type. The students 
with whom we have just finished using it seemed dissatisfied in but one par- 
ticular—they would like to have seen it carry the subject farther. Thus, they 
were really not dissatisfied at all, but merely unsatisfied. They enjoyed the 
text and they enjoyed the well-graded and abundant easy problems and they 
were on the whole the sort of happy graduate students which we like to see but 
seldom do, especially when the topic under consideration is as proverbially intri- 
cate as is the calculus of variations. The book is, as we have implied, as good a 
sample as one could desire of what our ordinary students need and really profit 
by after they have once acquired a fair knowledge of the calculus. 

Some of the details of the book may now be mentioned. At the beginning 
the reader’s attention is directed to a number of problems which instinctively 
interest him but which, as he can plainly see, cannot be solved by ordinary 
calculus, though they are closely related to it. This is made to suggest the 
general problem (minimizing an integral) which is now stated. As yet no 
.problems have been actually attacked, but some intimation is now given of how 
it may be done, at least in certain noteworthy special cases. The reader follows 
the trend easily and with active interest. In fact, everything possible has been 
done to make it easy for him, the analysis following simple independent methods 
in which no use is made of the customary but puzzling symbolism common to 
the subject. All this comprises the first, or introductory chapter. Chapter IT 
proceeds to explain the usual symbolism and technique—the use of the 6, the 
exact meaning of a “variation,” etc. This done, there is a return to the un- 
solved problems outlined in the first chapter. They are now restated and taken 
up from the standpoint of the new symbols just explained. The matter of actually 
solving the same problems is even yet held in abeyance, at least in the main. 
By this time the reader is much interested and anxious to see what can really be 
done with such problems. The author, realizing this, proceeds at last to tackle 
them, showing incidentally how the symbolism just explained saves time and 
effort in the work and is therefore justified. The groundwork is now well laid 
and it remains for the subsequent chapters merely to develop the applications and 
generalize the ideas in extenso. Thus, Chapter III shows what becomes of the 
fundamental problem in three dimensions, pointing out some of the applications 
it then has in mechanics, notably in Hamilton’s principle. Chapter IV shows 
what the same problem becomes for double integrals, again giving applications, 
notably to the determination of minimal surfaces. Chapter V considers the 
problem under the assumption that the limits of the integral may vary. Here 
again stress falls upon simple yet noteworthy applications. 

Throughout are well-graded exercises which were greatly enjoyed and which 
seemed quite an innovation in a book devoted to so special and advanced a 
topic as the calculus of variations. 
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A number of minor corrections follow: 

Page 24, line 8, change “order” to “degree.” 

Page 30, last line, numerator of first integral, change 0 to 6. 
Page 38, next to last line, change @ to 6. 


Wa ter B. Forp. 
UNIVERSITY OF MICHIGAN, 
August, 1917. 


PROBLEMS FOR SOLUTION. 


SEND ALL COMMUNICATIONS ABOUT PROBLEMS TO B. F. Finxet, Springfield, Mo. 


ALGEBRA. 

492. Proposed by ARTEMUS MARTIN, LL.D., Washington, D. C. 

If two numbers, A and B, B > A, be selected at random, what is the probability that they 
have no common divisor ? 

493. Proposed by ALBERT BABBITT, University of Nebraska. 

Determine the coefficients b, c, d of the equation x? + ba? + cx + d = 0s0 that they should 
be roots of the same equation. [From Supplemento a Periodico di Matematica.] 

494. Proposed by N. P. PANDYA, Sojitra, India. 

Solve algebraically and also graphically, log sin x = sin log z. 


GEOMETRY. 


524. Proposed by NORMAN ANNING, Somewhere in France. 

Many railways use as “easement curve”’ the cubic parabola. If points on such a curve are 
named by their distances measured along the curve from the point of inflection (“flat end”’) 
show that, within the limits of ordinary practice, 7. e., for angles so small that the difference 
between arc and sine is inappreciable, the deflection from tangent at m to set nis (n — m)(n + 2m) 
times the deflection from tangent at 0 to 1. 

525. Proposed by C. N. SCHMALL, New York City. 

Given a quadrant of a circle AOB, where OA and OB are bounding radii, and a semicircle 
ACO having OA as a diameter and lying on the same side as the quadrant. Describe a circle 
which shall touch the two arcs and the radius OB. 

CALCULUS. 
440. Proposed by JOSEPH B. REYNOLDS, Lehigh University. 


If t is the differential vector joining two consecutive points on a space curve and R is the 
radius of curvature of the curve at that point, prove that 


441. Proposed by J. L. RILEY, Stephenville, Texas. 
Find the minimum value of 


Si ($4) —sin x)*/sin xz fac. 
MECHANICS. 


356. Proposed by FLORENCE P. LEWIS, Goucher College, Baltimore. 

A ray of light enters a prism having vertex angle a. If the angle between the incoming and 
the outgoing directions is defined as the angle of deviation, at what angle must the ray enter the 
prism in order that the angle of deviation may be a minimum? 

357. Proposed by JOSEPH B. REYNOLDS, Lehigh University. 


Two beads each of mass m connected by a string of length 2] and carrying a mass m’ at its 
middle point are threaded symmetrically with respect to the major axis which is vertical on a 
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smooth ellipse of eccentricity e and latus rectum 2/. The string is held taut and horizontal, 
then released; find the velocities of the beads when the end ones impinge. 


NUMBER THEORY. 
274. Proposed by J. L. RILEY, Stephenville, Texas. 
Solve in positive integers the equation 
275. Proposed by V. M. SPUNAR, Chicago, Illinois. 


A square, side 2a, is represented by the equation 2*+y" =a (n = ~). Find a like 
formula for an equilateral triangle. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 
480. Proposed by FRANK IRWIN, University of California. 
Solve the following equation 


Also the equation 


@ — a) a (1-2) -a(1-2)(1-%) —a,(1-%)(1-2) 


[Adapted from a formula of Tait’s.] 


Sotution sy A. M. Harpine, University of Arkansas. 
It is evident that 
— — 2) = x(x — 1) — 2(e — 1) 
(x — 1)(x — 2)(x2 — 3) = — 1) — — 1) — — 1) (2 — 2). 
Let us assume that 
(@ — — —n+1) = — 1) — — 1) — — — 2) — 
— (n—1)@ — I) @ 2)@—3)---@—n+2). (1) 
If we multiply both members of this equation by x — n and rearrange the terms we obtain 
— 1)(@ — 2)---(@ —n+1)(2 — n) = — 1) — — 1) 
— — 1)(2@ — 2) — — n(x — 1) — — —n +1). 


Hence, equation (1) is true for every value of n. 
After dividing both members of the last equation by x*~!, we find 


Hence, the roots of the given equation are z = 1, 2, 3, ---, n. 
By a method similar to the one used above, it may be shown that the roots of the second 
equation are = Qj, G2, G3, An. 


and 


Also solved by Horace Otson, V. M. Spunar, E. F. Canapay, and C. P. 
SousLey. 


| 
(1-%) =0. 
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481. Proposed by ROGER E. MOORE, University of Wisconsin. 


Show that if the coefficients in the binomial expansion of (a — b)* (n being a positive integer) 
be multiplied each to each by the corresponding terms of an arithmetical progression of (n + 1) 
terms, then the algebraic sum of the (n + 1) products will be zero. 


By R. Ransom, Tufts College. 
—1)F\ln 
The (k + 1)st term of the progression is (f + kd), and the (k + 1)st coefficient is wee 
Then the sum in question is 
k=n 1)*\n 


k=o |k|n —k 


We may insert ai pleasure suitable powers of a = b = 1, and separate this sum into the two sums 


kd). 


which equals f(a — b)" — nd(a — b)*" and so is evidently zero. 
Also solved by N. P. Panpya, Horace Otson, O. J. RamMuer, Lovis 
O’SHAUGHNESSEY, R. M. Matuews, E. H. Wortsrineton, and the PRoposER. 


GEOMETRY. 


512. Proposed by J. L. RILEY, Stephenville, Texas. 


Determine, geometrically, where the circle of curvature at any point of an ellipse again 
meets the ellipse. 


SoLuTion By NATHAN’ ALTSHILLER, University of Oklahoma. 


Let (O) be the circle of curvature at a point P of the conic (C), t the tangent to (C) at P, and 
Q the other point common to (O) and (C). The two curves determine a pencil of conics, the lines 
t and PQ forming a degenerate conic of the pencil.!. The pencil of conics determines an involution 
of points on the line at infinity (Desargues’ theorem), the double elements E, F of which are con- 
jugate with respect to every conic of the pencil. 

Since the circle (O) belongs to the pencil, the circular points at infinity J, I’ are corresponding 
elements in this involution of points. From the point P this involution of points is projected 
by pairs of lines in involution, and to the positive isotropic line PI corresponds the negative iso- 
tropic line PI’; hence, the involution is equilateral, 7. e., the double rays e, f (projecting from P 
the double points Z, F) are orthogonal and bisect the angles formed by any pair of rays of the 
involution, in particular, the angles formed by ¢ and PQ. 

If the conic (C) has a center C at a finite distance, the lines a, b joining C to the two points 
E, F, conjugate with respect to (C) and lying on the polar of C with respect to (C), are themselves 
conjugate lines with respect to (C), and being parallel to e, f, are perpendicular to each other; 
hence, a, b are the axes of (C). The double elements e, f are, therefore, the parallels through P 
to the axes of (C). If (C) is a parabola, one of the double elements, say E, of the involution of 
points on the line at infinity is the point of contact of this line with the parabola; hence, the 
double element e of the involution of lines at P is parallel to the axis of the parabola. 

These considerations suggest the following simple construction of the required point Q, appli- 
cable to any conic: Through the given point P draw a line parallel to an axis of the given conic 
and also a line PQ such that the parallel shall bisect the angle between PQ and the tangent at P 
to the conic. The line PQ will meet the conic again in the required point Q. 

The point Q will coincide with P, if the tangent ¢ is perpendicular to the line drawn through 
P parallel to the axis, and only in this case, i. e., if P is a vertex of the conic. We thus find the 
known proposition that the vertices of a conic are the points, and the only points, at which the 
conic has a four-point contact with the osculating circle. 


1See, for instance, Veblen and Young, Projective Geometry, Vol. I, p. 134. 
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Also solved by E. H. Vance, J. B. Reynotps, and Hoover. 


513. Proposed by ALBERT A. BENNETT, University of Texas. 


The following construction for angle trisection was given some years 
ago in a non-mathematical journal. Let ABC be a right triangle with AB 
as hypotenuse. Let BD be a ray drawn parallel to AC and extending in 
the same direction. Let AEF be a variable ray meeting the segment BC 
in E and the ray BD in F. Show, by elementary methods, that when the | __\z B 
variable ray is so adjusted that EF = 2AD then 2 EAC =} 7 BAC. 


SoLuTIon By Jos. B. Reynoips, Lehigh University. 


I take it that the reading should be EF = 2AB. Let the figure be 
constructed according to the given directions. Join B to H, the middle 
point of EF. Now BH = HE = HF = AB z0 that the triangles ABH 
and BHF are isosceles and, therefore, 


Z BAE = BHA =2 BFH =2 EAC. 
Z EAC =} 2 BAC. 


Hence, 


Also solved by S. W. Reaves and Horace Otson. 


MECHANICS. D 
337. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


Assuming that a train may be accelerated by the application of a force equal to 1/40 of its 
gross weight and be braked with a force equal to 1/10 of its gross weight, show that the least 
time in which it may run from one to another of two stopping stations 5,000 feet apart is 2 minutes 
and 5 seconds. Also find the greatest speed during the run to be 54-6/11 miles per hour. 


SoLuTIon By Captain Stuart C. Goprrey, West Point, N. Y. 


A force applied to a body equal to one fortieth of its weight will produce an acceleration of 
9/40 = 32/40 = 4/5 ft. per sec?. 

Then a; = 4/5 = increasing acceleration during first period of train’s motion. 

a: = 32/10 = 16/5 = decreasing acceleration during final period of train’s motion. 

Let ¢; and fz represent the corresponding time intervals, and let Vi = a;t; = aete = maximum 
speed attained. 

Since az = 4a1, tg = 1/4t,;. Also, since s = 1/2al?, the distance corresponding to the final 
period is 

2 
fants? = 5 = = 3, of the distance for the first period. 


Now if the reasonable assumption be made that the speed of the train continues to accelerate 
until the moment when the brakes must be applied to bring it to a stop at the final station, the 
problem is readily solved without using the maxima and minima method. 

For the distances are obviously 4,000 feet and 1,000 feet. 


tg = = 25 secs. Total time= 2 min. 5 secs. 

Also Vi = ayt; = 4/5-100 = 80 ft. per sec. = 54-6/11 miles per hour. 

More rigorously, it is conceivable that the train might retain its maximum speed V; for a 
period ¢; before the brakes were applied. Then, letting 4s and s represent the distances correspond- 


ing to the periods ¢; and ¢2, the time function in terms of s becomes (since t = ~2s/a) 


281 [8000-5 = 100 secs. 
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5 25s — 25000 _ 
ds 4° (10s) 
Hence, s = 1,000 feet, 4s = 4,000 feet, and the distance travelled at uniform speed is zero. 

In this case, ¢ is a decreasing function of s until s reaches the critical value 1,000; but it can 
only become an increasing function thereafter by 5,000—5s becoming negative, which makes the 
third term of ¢, and consequently ¢ itself, no longer represent possible physical conditions. The 
. function itself, then, has a true minimum state, but this is an end point of the curve, so far as its 
physical interpretation is concerned. 


Also solved by O. S. Apams, Curistr1an Hornung, Franx Irwin, Horace 
OLson, and G. PAASWELL. 


338. Proposed by J. B. REYNOLDS, Lehigh University. 
A comet in a parabolic orbit crosses the earth’s orbit (assumed circular) so that it remains a 


maximum time within it; find the comet’s maximum velocity in miles per second and its time 
within the earth’s orbit in years. 


SoLuTIon By WiLu1AM Hoover, Columbus, Ohio. 


Let p be the distance at any moment from the sun, p the perpendicular from the sun upon 
the tangent to the comet’s path when the comet is at the distance p, then, 4a being by the problem 
the latus rectum of the parabolic path of the comet, we have 


p? = ap. (1) 


Also let F be the attractive force of the sun, h the double area generated by p in a unit of time, 
and @ the angular coédrdinate corresponding to p. 
From the theory of central forces, 


h? d 
@) 
From (1), 
Pp 
de (3) 
and this in (2) gives » 
Let F = » when p = 1; then (4) gives Le 
h = ~2ap, (5) 
(4) then becoming 
F= (6) 
For the velocity v of the earth, 
==, (7) 
r 


pin (6) being now the earth’s distance from the sun, 7. e.,r. Then 6r + v = 6r'/2/ Nu = the time 
required by the earth to describe the arc of its circular orbit subtending the angle @ at the sun. 
For the comet, 


dt = ae (8) 
and the polar equation of its orbit is 
p= = Hence, p*d@ = (9) 
cos? 5 cos* 5 
and (8) becomes 


cost 


= h = Dan 
2 


SOLUTIONS OF PROBLEMS. 471 
At the point of intersection of the two orbits, p = r, and so by (9), 
0 la r—a 6 r—a 
0085 = sin 5 = tan5 
2 r—a (r—a) — 
= (4) ) +20) vr — a, (11) 


a a’ 


which by the problem is to be a maximum. For this, the first derivative of both members of 
(11) with respect to a must vanish, giving r = 2a. 


5) 
Hence, 0 = and the time, 
and (11) becomes 
4 


and the greatest part of the earth’s year during which a parabolic comet can remain in the earth’s 
orbit is given by i 
4a a 2 


Again by the theory of central forces, in the notation above defined, the velocity », of the 
comet is 


h 2 2 
= 57 by (1) and (5), = 


This value of v; is greatest when p is least, which is at perihelion when p = a; so that the required 
maximum velocity is 


Also solved by C. F. Gummer and O. S. Apams. 


NUMBER THEORY. 
248. Proposed by E. T. BELL, Seattle, Washington. 


NoTE BY THE PROPOSER. 


The solution in the June Monruty (p. 295) is obviously incomplete. It is not shown that: 
(1) for general n the expression under the radical is a perfect square; (2) the stated form of A, is 
both necessary and sufficient. The completion of (1) will prove only the sufficiency; the neces- 
sity is also asked for in the problem. 


256. Proposed by FRANK IRWIN, University of California. 

Let p be an odd prime, and let the notation 1/k stand for the solution of kr = 1 (mod p). 
Then show that if the sum of the numbers 1, 3, 3, --- cea p be congruent to zero (mod p), 
should that be possible, the same is true for the sum of their products two at a time, as well as 
four at a time. 

SotuTion By E. B. Escort, Kansas City, Mo. 


Since the congruence (x — 1)(2x — 1)(8a — 1)---[(p — 1)z — 1] = 0 (mod p:p) has p—1 
roots, namely, 1, 2, 3, --- (p — 1), and since the same is true of the congruence 1 — zx?! = 0 
(mod p), by Fermat’s Theorem it follows that 


— — 1)(z —1)-+-[(p 1] = (1) 
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is an identical congruence. It is also satisfied by x = 0 so that it has p roots while it is only of the 
(p — 1)th degree. 
The last may be written 


— 1)(2x — 1)---[3(p — 1)z — — 1)z — 1]---(— 22 — 1)(—z 1) = 0, 
or 


— — — — + 1) — De + 1] =O; 
whence 


Let 


— 1)’ 
ete. 
The congruence may be written 
+ + +) = 0, 
i. 


4 4 — 4 ...)2 = 


Expanding, we find the coefficients of the first few powers of z to be 1, 2S. — S,, 


S? + 2S, — 2S,S;, ---. Since by (1) this congruence is identical with 1 — z?~, it follows that 
2S, — S = 0 (mod p), (2) 

and 
+ 2S, =0 (mod p). (3) 


Therefore, by (2) if S: = 0, it follows that S: = 0 and by (8) that S, = 0, which was to be proved. 
Norte: The same property is true of any 3(p — 1) numbers, where the sum of no two is 
congruent to zero (mod p). The proof is the same. 
Examples: (1) If p = 7; 
1+2+4=7 =0 (mod 7), 


1-2+1-4+4+ 2-4 = 14 =0 (mod 7). 
(2) If p = 11; 


14+3+4+5+49 = 22 =0 (mod 11), 
1-3+1-4+--+ = 176 = 0 (mod 11), 
1-3-4-5 + 1-3-4-9 = 1,023 =0 (mod 11). 

Also solved by C. F. Gummer. 
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QUESTIONS AND DISCUSSIONS. 


SEND ALL communications TO U. G. Mircuetu, University of Kansas, Lawrence. 
DISCUSSIONS. 
I. A Repty To Proressors ZIWET AND JACKSON ON MeEcuHanics.! 


By Epwarp V. Huntineton, Harvard University. 


I cannot help being highly gratified at the favorable reception accorded my 
“Logical Skeleton of Elementary Dynamics” ? by Professor ZrwEt of Michigan 
and Professor JACKSON of Harvard, who say they regard it as “‘ a really serviceable 
concrete scheme” by which “‘ the whole approach to dynamical theory is extra- 
ordinarily simplified.” 

There are certain points, however, on which they confess they are still 
unconvinced.” 


I. Professor JAcKSON’s criticisms concern chiefly my treatment of ‘‘ mass,” 
which he regards, not as erroneous, but as inadequate. After some witty remarks 
about the proper draperies for skeletons like F/F’ = a/a’ to wear, he contends that 
the ‘‘ good old idea of mass” should be ‘“‘ searched for all there is in it.” But, 
one asks at once, which idea of mass does he mean? For, as I have pointed out 
in my “‘ Bibliographical Note on the Use of the Word Mass in Current Text- 
books,” * there are at least four different senses in which the word mass is com- 
monly used. Professor Jackson’s preference, apparently, is to use the term in 
two of these senses at once, so that it shall convey simultaneously the idea of 
“inertia” (as measured by force over acceleration), and the idea of what he calls 
“‘ gravitational power” (as measured by a beam balance). I do not believe that 
this double use of a hard-worked term like mass conduces to clearness; my 
reasons are set forth at length in the “ Bibliographical Note” already cited 
(see especially Propositions F and G), and a reference to this note must here 
suffice. 


II. Professor ZrweEt’s criticisms cover a wider range. 

For one thing, he points out an error on page 14, where I inadvertently stated 
a proposition about the resultant of a set of forces in three dimensions in a form 
applicable only to two dimensions; this I must acknowledge as an unfortunate 
blunder, which I beg the reader to correct. 

Among Professor Ziwet’s other criticisms, there are several which seem to 
indicate that certain passages in my ‘‘ Skeleton” were not as clear as I had hoped 


1A, Zrwet, “Some Reflections on the Teaching of Mechanics, suggested by Professor E. V. 
Huntington’s Article ‘A Logical Skeleton of Elementary Dynamics’”; D. Jackson, “Mass 
and Force in Elementary Dynamics,’’ AMERICAN MATHEMATICAL MONTHLY, Vol. 24, pp. 296-297 
and 298-300, June, 1917. 

? AMERICAN MATHEMATICAL Monraty, Vol. 24, pp. 1-16, January, 1917. 

3 [This “Bibliographical Note” will be published in an early number of the Monraty. 
Ediiors.] 
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to make them; and in a spirit of clarification rather than of controversy, I 
should like to set myself right in regard to some of these misunderstandings. 


1. For example, referring to § 2 of Professor Ziwet’s paper, I certainly did 
not mean to contend that ‘‘force as the active, aggressive principle” has any 
“logical priority” over “inert, passive matter.” 

In my opening section I meant, on the contrary, to set forth the fundamental 
concepts, ‘‘active forces” and “‘inert material bodies,” as of absolutely coérdinate 
importance, neither of them having any sort of priority over the other. 

Professor Ziwet’s misconception in regard to my intention is apparently due 
to a confusion on his part between the idea of “‘ material body” on the one hand 
and the idea of the “‘ mass of a body” on the other hand. Thus, in § 2, he identi- 
fies ‘‘mass” with “particle”; again, in § 5, he expressly uses ‘‘mass” as a synonym 
for ‘‘ matter,” “‘lump of matter,” “body,” etc. This particular confusion was 
one which I had especially hoped to guard against, by carefully avoiding, through- 
out the body of my paper, all use of the ambiguous word ‘‘ mass”; the reap- 
pearance of the term “mass” in Professor Ziwet’s discussion only goes to show 
how persistently intrusive a trouble-making little word may be. 

It need hardly be said that a confusion of this sort absolutely vitiates all of 
Professor Ziwet’s arguments in which the idea of the “‘ mass of a body” occurs. 


2. Again, judging from Professor Ziwet’s remarks in § 4, I appear to have given 
him the impression that both of the “lists of names of derived units,” tabulated 
on pp. 15-16, were regarded by me as of equal importance; whereas I had intended 
to make the contrast between these two tables as striking as possible. 

Table II, which was placed in an appendix and carefully labelled ‘‘ A useless 
complication still found in many text-books,” contains names which are avowedly 
given as “horrible examples,” like the Lb.-ff? per sec.? (!) as the unit of work, 
or the Gm. per sec.*-cm. (!) as the unit of pressure. 

Table I, on the other hand, was printed in the body of the text, and contains, 
as its heading indicates, only names which are “‘ actually used by engineers and pure 
scientists.” This Table I, which is so simple and obvious that there is nothing 
to “‘learn” about it, is the one that I advocate. 

Professor Ziwet groups these two lists together quite indiscriminately,— 
sometimes condemning them equally as ‘‘a nuisance anyhow,” which “the 
student should not be encouraged to consult,” sometimes endorsing them equally, 
by saying that the student must be told that ‘‘ both systems are in use and both 
are equally justifiable.” Only as a sort of afterthought, at the end of his paper, 
does he really distinguish between them, and then he makes a statement which 
I confess I am at a loss to understand. He says, namely, that “‘ the system of 
units here advocated is not used by a single writer on higher mechanics.” This 
assertion seems to me to be quite unfounded, if ‘‘ system of units” means the 
actual list of names of the units that I give in Table I; for all these names are the 
commonplace of all writers on the subject. For example, if you ask any physicist 
“‘ What is an erg?” he will immediately reply: “‘an erg is a dyne-centimeter”; 
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he would never think of saying: “an erg is a gram centimeter-square per second- 
square!” ? 

In my whole treatment of the matter of units, I had no thought of introducing 
anything new or strange; my aim was merely to record universally accepted 
terms in Table I, and to throw into the discard all superfluous complications 
(some of which Professor Ziwet apparently wishes to retain). 


3. In this connection, I should like to say a word about Professor Ziwet’s 
remark that ‘it is a matter of personal opinion whether force or mass shall be 
regarded as the more fundamental; therefore why not introduce both these notions 
from the beginning, and use both in defining the derived units?” 

The possibility of carrying out this plan (which is often urged) depends alto- 
gether on what one means by ‘‘ mass.” ? If (following the majority of writers) 
one means by “ mass” the inertia of a body, as measured by force over accelera- 
tion, then it is not by any means a “ matter of personal preference” whether 
force or mass shall be regarded as the more fundamental; obviously force must 
be put first, since inertia is defined in terms of it.2 If, on the other hand, one 
means by mass something other than inertia, say the result of weighing on a 
beam balance, then indeed it may be possible to use both force and mass inde- 
pendently in defining the derived units—but only at the expense of frequent 
confusion between the units of inertia and the units of standard weight. 

Everybody agrees, I believe, that the simple units in my Table I are adequate 
for purposes of measurement; why worry the student with more? 


4. Returning to § 3 of Professor Ziwet’s paper, in his discussion of my treat- 
ment of acceleration he has apparently overlooked the fact that my treatment of 
the rectilinear case was only introductory to a detailed treatment of the curvi- 
linear case, with illustrative diagrams (page 7). My use of “fixed axes” in 
this connection, to which Professor Ziwet objects, appears to me both scientif- 
ically correct and pedagogically useful. It is surely of the utmost importance 
for the student to understand that the tangential and normal components of 
the acceleration of a particle are measured along axes which do not move with the 
particle. 


5. Finally, the question of the early introduction of vector notation, and the 
question whether the study of dynamics should begin with three dimensions or 
with two, are important questions on which there may well be differences of 
opinion. I believe, however, that most teachers will agree with me that the 
historical order—proceeding from the simple to the more difficult—is the best. 


1 Professor ZIwET says it seems ‘‘odd” to him to think (for instance) of the unit of kinetic 
energy in terms of force X distance; and yet this is precisely what is commonly done. For 
example, no less distinguished a writer than Max PLanck, in his special treatise on energy, 
expressly states that ‘energy is measured in units of work,” that is, in units of force X distance, 

2 In Professor Ziwet’s own treatise on Theoretical Mechanics (1906, p. 129), he explains the 
“mass of a body” merely as ‘‘an indestructible something underlying every physical body”; 
and although he soon speaks of multiplying mass by distance, velocity, etc., he nowhere explains 
how this “indestructible something” is to have a numerical measure assigned to it! 

3 This, by the way, is all that one means by “logical priority,’’ which is apparently a new 
phrase to Professor Ziwet. 
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Other points in the papers of Professor Ziwet and Professor Jackson are met, 
I believe, by my discussion of “‘mass” in the “ Bibliographical Note” already 
cited. I beg to repeat, however, that I do not put forward this discussion with 
any idea that it would be profitable for use in the class room. The chief end of 
a course in dynamics is not a definition of ‘‘ mass,”’ but the development of ability 
to master fundamental dynamical problems. Any teacher who desires to avoid 
all these controversial matters, and proceed as rapidly as possible to the important 
principles, has only to follow the program outlined in my “ Logical Skeleton,” 
from which all polemical matter has been intentionally excluded.! 


II. RELATING TO THE DERIVATION OF A DisTANCE FORMULA. 


By R. M. Maruews, Junior College, Riverside, Calif. 


In the usual course in analytic geometry the formula for the distance from 
a point to a line is derived from Hesse’s ‘‘ normal form” for the equation of a 
straight line. It is not necessary, however, to introduce the ‘‘ normal form” 


x 


merely for this purpose. The distance formula may easily. be derived directly 
in the manner given below. 

In the accompanying figure let (7, y:) be the coérdinates of the given point 
P and ax + by + ¢ = 0 the equation of the given line SR. Also let S’R’ be a 
line through P parallel to SR and let RN be perpendicular to SR at R. 

Then 


d= PM = RN. 
From similar triangles 
By B08 


The equation of S’R’ is 


ax + by +k=0, where k = — ax, — by. 

Also, 


1 [Reprints of this “Skeleton,’’ which a number of teachers have found useful in the class 
room, may be obtained from the Secretary, Professor W. D. Cairns, 27 King Street, Oberlin, O., 
at ten cents acopy. LEditors.] 
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OS=-F, SR= +5 
Hence, 
*(-§) ab _ amy + byte 
a 
As — c was a factor, we have the usual convention of taking the sign of the 
radical opposite to that of c. 


NOTES AND NEWS. 
Epirep sy D. A. Rornrock, Indiana University, Bloomington, Indiana. 


Mr. H. R. Doveuerty, head of the department and professor of mathematics 
in New York Military Academy, Cornwall-on-Hudson, has been commissioned 
first lieutenant of infantry in the officers’ reserve corps of the national army. 


Professor M. E. GraBEr, of the department of physics, Heidelberg University, 
Tiffin, O., and a charter member of the Association, is on leave of absence study- 
ing at the University of Chicago. 


Miss B. M. Turner, a charter member of the Association, and formerly 
principal of the Moundsville (W. Va.) High School, is assistant director of The 
Phebe Anna Thorne Model School, of Bryn Mawr College. 


Mr. Ratpu Brat ey, formerly instructor in mathematics in the Horace Mann 
High School, New York City, has been commissioned second lieutenant in the 
Coast artillery service of the regular army. 


Professor L. P. E1sENHART, of Princeton University, as vice-president, sec- 
tion A, American Association for the Advancement of Science, delivered his 
retiring address at the Pittsburgh meeting, on the subject “The kinematical 
generation of surfaces.” 


In Vol. 11, No. 4, of The Téhoku Mathematical Journal, Sir THomas Murr 
has a paper on “A theorem including Cayley’s on zero axial skew determinants 
of even order”; and in the Transactions of the Royal Society of South Africa, 
Vol. VI, Part I, a paper entitled “A note on Pfaffians connected with the differ- 
ence-product.” 


Dr. W. S. Franxkuin, formerly of Lehigh University, has been appointed 
special lecturer in physics and electrical engineering in the Massachusetts Insti- 
tute of Technology. 


According to Science, Professor C. W. Cops, of Amherst College, has been 
granted leave of absence to enter the aviation service of the government as an 
instructor in connection with the eight ground schools for aviators. 
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Professor L. C. KaArPInskI, of the University of Michigan, addressed the high 
school teachers of mathematics at the Rural Life Conference held at Kirksville 
(Mo.) Normal School, November 2, on “Practical applications of high school 
mathematics”; he also addressed the general session of the Conference on the 
“Causes of the var.” 


Professor G. VERONESE, of the University of Padua, died on July 17, 1917, at 
the age of sixty-three years. He was the author of works on hypergeometry, was 
a member of many learned societies including the Accademia dei Lincei, and the 
National Italian Academy, and had been professor of mathematics at Padua 
during the past thirty-four years. 


The eighth regular meeting of the Southwestern Section of the American 
Mathematical Society was held at the University of Oklahoma, Norman, Okla- 
homa, on December 1, 1917. The members present were guests at a luncheon 
served by the University on Saturday at noon. Eleven papers appeared upon 
the printed program, presented by representatives from the following educational 
institutions: University of Arkansas, University of Illinois, University of Mis- 
souri, University of Kansas, University of Nebraska, University of Oklahoma, 
Washington University and William Jewell College. 


The address of Sir JosepH Larmor, retiring president of the London Mathe- 
matical Society, appears in Part I, Vol. 16, of the Proceedings of the Society, 
published in April, 1917. The address of the retiring president was devoted to 
the history of the Society, tracing briefly its growth and usefulness from its 
origin at University College, London, on January 16, 1866, with twenty-seven 
members, under the leadership of Professor De Morgan, to the present time. 
The early membership included such noted mathematicians as De Morgan, 
Sylvester, Cayley, Harley, Tucker, H. J.S. Smith, Archibald Smith, Clerk Max- 
well, Clifford, Stirling, and Lord Rayleigh. 


The spring meeting of the Swiss Mathematical Society was held at Ziirich 
on May 10, under the presidency of Marcen GrossMANN. At this meeting 
Professor J. HADAMARD, of Paris, delivered an address on “The notion of analytic 
function and partial differential equations.” The regular meeting of the Society 
was held at Ziirich on September 11. At this meeting, besides the papers by local 
members of the Society, addresses were made by Professor D. H1tBErt, of Gét- 
tingen, on “Axiomatic thought”; by Professor C. CaRATHEODORY, of Gottingen, 
“Concerning the geometric treatment of extrema in double integrals”; and by 
Professor A. Emcu, of the University of Illinois, “Concerning plane curves with 
certain properties.” 


The Mathematics Club of Chicago High School Teachers, in codperation with a 
national committee of the Mathematical Association of America, is investigating 
the reasons for the teaching of mathematics in secondary schools. The results 
of a part of the study appear in School and Society, November 17, under the title 
The Status of Mathematics in Secondary Schools. Six questions were sub- 
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mitted to a large number of business and professional men of Chicago; fifty-five 
replies were received. The following is the substance of the questions, with the 
answers: (1) Was the study of high school mathematics worth while to you? 
Answers: Yes, 43; very important, 7; negative, 6. (2) Did its study contribute 
anything which could not have been obtained in equal degree by some other 
subject? Answers: Yes, 36; uncertain, 8; negative, 6. (3) In employing or 
advising a young person in line of your profession what importance would you 
attach to a good high school record in mathematics? Answers: Great impor- 
tance, 19; considerable importance, 20; little importance, 2; no importance, 3. 
(4) In planning the secondary education of your son or daughter would you 
include algebra and geometry? Answers: Both, 42; algebra, 3; neither, 2. 
(5) Is a knowledge of algebra and geometry of any practical value in your pro- 
fession? Answers: No, 26; yes, 23. (6) Do you think algebra and geometry 
should be retained in our secondary schools? Answers: Yes, 46; optional, 2; 
negative 2. The study also contains quotations from a number of the replies 
received, showing interesting comments upon the importance of mathematical 
training afforded by the secondary schools. 


There are numerous calls for back numbers of the Montutiy which cannot be 
supplied from any files now in our possession, and yet it is of great importance, 
especially in the case of libraries, that missing copies should be found in order to 
complete their files. For example, the library of the University of Wisconsin, 
with our assistance, has been able to complete its set with the exception of the 
June-July number of volume IV, 1897, and the March number of volume V, 
1898. A liberal price will be paid for these two numbers. Please report to the 
Secretary, W. D. Cairns, who has charge of all the files. 


The Missouri Section of the Mathematical Association of America met at 
Kansas City on Saturday, November 16, 1917. The chairman, Professor L. D. 
Amgs, of the University of Missouri, presided, and nine papers were presented 
during the two sessions. A full report of this meeting will appear in an early 
issue of the MonruHLY. 


Mr. S. A. JorrE, assistant actuary of the Mutual Life Insurance Company of 
New York, has an article entitled “Interpolation Formulae and Central Differ- 
ence Notation” in the Transactions of the Actuarial Society of America, Vol. XVIII, 
Part I, No. 57, in which a review of the subject is made from the time of Newton 
down to the present. 


Professor OswALD VEBLEN, of Princeton University, has been commissioned 
a captain of ordnance in the reserve corps. 


Lieutenant WaLTER L. Hart, formerly of Harvard University, who was com- 
missioned with the field artillery of the regular army and stationed at Fort 
Russell, Wyoming, has been transferred to the coast artillery and is now at Fort 
Monroe. Professor A. A. BENNETT, of the University of Texas, and Dr. E. A. T. 
Krrcuer, of Harvard University, are captains in the coast artillery. 
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One of our members wishes to secure a complete set of Forsyth’s Theory of 
Differential Equations, the first volume, at least, of which is out of print, and our 
Bureau of Information is unable to give any assistance. Any one who may know 
where this set may be obtained will confer a favor by reporting to the Secretary. 


The library of the Association is now being organized in a room provided by 
the Oberlin College library. Members are again reminded that it is their privi- 
lege to contribute to this library copies of their own published books, or of other 
books in their possession or control. A special label has been provided for all 
contributed books showing the donor’s name and date of gift, and a personal 
acknowledgment will be made of all books received. As soon as practicable a 
report will be made showing a list of the books already in hand. 


TuE following 34 doctorates in American Universities were conferred in the 
year 1916-1917 with mathematics as major subject; the subject of the thesis 
is added in each case: 

J. D. Barter (California), ‘A contribution to the theory of vector func- 
tions ”’; 

C. C. BRAMBLE (Johns Hopkins), “A complete system for a collineation group 
isomorphic with the group of the double tangents of a plane quartic”; 

C. C. Camp (Cornell), “An extension of the Sturm-Liouville expansion”; 

SaraH E. Cronin (Columbia), “Geometric properties completely character- 
izing all the curves in a plane along which the constrained motion is such that 
the pressure is proportional to.the normal component of the acting force ”’; 

W. L. Crum (Yale), “ Perturbations caused by close approach of two asteroids’”’; 

Mary F. Curtis (Harvard), ‘‘ Curves invariant under point transformations 
of special type”; 

T. Dantzic (Indiana), “ Contributions to the theory of plane transformations ”’; 

L. R. Forp (Harvard), “On rational approximations to an irrational complex 
number ”’; 

Sister M. Grrvas (Catholic University of America), ‘On the cardioids ful- 
filling certain assigned conditions ”’; 

E. D. Grant (Chicago), “The motion of a flexible cable in a vertical plane”’; 

C. M. Hessert (Illinois), “Projective pencils of stelloids and the curve 
generated by them”; 

A. W. Hosss (Johns Hopkins), “On a problem of projectiles”’; 

T. R. Hottcrort (Cornell), “On the types of plane (2, 3) correspondences”; 

P. Horton (Texas), “Lebesgue integrals” ; 

M. T. Hv (Harvard), “Linear integro-differential equations with a boundary 
condition”; 

E. P. HupsiE (Chicago), “ Photographic investigations of faint nebulae”; 

W. G. Huspert (New York University), “Sextic curves with two triple 
points ”’; 

K. W. Lamson (Chicago), “A general implicit function theorem with an 
application to problems of relative minimum” ; 
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Giiuie A. LarEew (Chicago), “ Necessary conditions for the problem of Mayer 
in the calculus of variations”’; 

Fiora E. LeStourceon (Chicago), “ Minima of functions of lines”; 

A. S. Merritt (Chicago), “An isoperimetric problem with variable end- 
points”; 

B. E. Mircuett (Columbia), ‘ Complex conics and their real representation ” ; 

H. C. M. Morse (Harvard), “Certain types of geodesic motion on a surface 
of negative curvature”; 

G. W. Mutuins (Columbia), “ Differential invariants under the inversion 
group 

I. C. Nicnots (Michigan), “A comparative study of fractions in the early 
treatises on the Hindu art of reckoning”’; 

J. N. Rice (Catholic University of America), “On the in- and circumscribed 
triangles of the plane rational quartic curve ”’; 

J. F. Rrrr (Columbia), “On a general class of linear homogeneous differential 
equations of infinite order with constant coefficients ”’; 

E. F. Smmonps (Columbia), “ Differential invariants in the plane”; 

T. McN. Smpson (Chicago), “Relations between the metric and projective 
theories of space curves” ; 

D. M. Sarr (Chicago), “Jacobi’s condition for problems of Lagrange in the 
calculus of variations”’; 

G. W. Smrra (Illinois), “On nilpotent algebras generated by two units such 
that 7 is not an independent unit”; 

E. A. Wurre (Cornell), “ Mechanical theory of the plow”; 

W. H. Witson (Illinois), “On a certain class of functional equations.” 


Notes ON THE THIRD ANNUAL MEETING OF THE ASSOCIATION. 


By the time this issue! reaches the members, the third annual meeting of the 
Association will have taken place at Chicago. The program was in charge of a 
committee of three consisting of Professors EtizaneTtH B. CowLey of Vassar 
College, O. D. Ketuoge of the University of Missouri, and E. J. WrczyNnsx1 
of the University of Chicago. 

The meetings were arranged in conjunction with the Chicago Section of the 
American Mathematical Society by a joint committee including representatives 
of all the local institutions as follows: Professors W. D. Carrns of Oberlin College, 
D. F. Camppett of Armour Institute, ARNOLD DRESDEN of the University of 
Wisconsin, J. A. Fopere of Crane Junior College, W. B. Forp of the University 
of Michigan, E. J. Moutron of Northwestern University, H. L. Rrerz of the 
University of Illinois, and H. E. Staveut of the University of Chicago. 

The meetings of the Association opened on Thursday, December 27, with a 
number of papers on miscellaneous topics presented by members. Thursday 


1 Delayed on account of miscarriage of proof in the holiday congestion of the mails. 
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afternoon was devoted to a consideration of the teaching of Descriptive Geometry 
as a collegiate subject. An address was given by Professor Roever of Washing- 
ton University, St. Louis, Missouri, who has made a prolonged study of this 
question, and this was followed by several short discussions from teachers of 
mathematics and teachers of drawing in both colleges and high schools. A 
special invitation was sent out to teachers of drawing, art, and architecture in 
all the states contiguous to Chicago to attend this session. 

Following the afternoon session, the annual meeting of the Council was held. 
Important matters of policy and procedure were among the items of business. 

On Friday morning the time was divided between the Association and the 
Society. At nine o’clock, reports were made by three standing Committees of 
the Association, namely, (1) the Committee on Mathematical Requirements, 
(2) the Committee on Libraries, and (3) the Committee on a proposed Mathe- 
matical Dictionary. At this session matters of vital importance to Institutional 
Representatives were discussed. At half-past ten the opening session of the 
Chicago Section of the American Mathematical Society was held and members 
of the Association were invited to attend this session. 

On Friday afternoon there was a joint session of the two organizations at 
which Professor W. B. Ford of the University of Michigan gave his retiring 
address as Chairman of the Chicago Section on ‘‘A Conspectus of the Modern 
Theory of Divergent Series” and Professor L. D. Ames of the University of 
Missouri gave an address on behalf of the Association on “‘A Definition of the 
Real Number System by means of Infinite Decimals.” 

At the close of this session came the annual business meeting of the Associa- 
tion at which certain amendments to the Constitution and By-Laws were voted 
upon and the officers for 1918 were elected. 

Both sessions on Saturday were devoted to the soilless of papers before the 
Chicago Section of the American Mathematical Society. 

On Thursday evening occurred the joint dinner of the two organizations, and 
on Friday evening all were invited to attend the dinner of the American Associa- 
tion of University Professors whose meetings were in session at this time. 

A full report of the third annual meeting of the Association will appear in 
the February issue of the Monruty. 


SPECIAL NOTICE TO ALL MEMBERS. 


In accordance with the prevailing spirit of economy with respect to things 
not absolutely necessary, it is proposed to greatly condense the Register of the 
Association for 1918, and to issue, early in January, a mailing list of officers and 
members containing all promotions, appointments and changes of address which 
members have reported or may report immediately to the Secretary. His mail- 
ing-list is already fairly complete, but in order to insure greater accuracy and 
completeness, will each member “do his bit” by reporting to the Secretary at 
once any item which should be included? 


This is the only notice that will be given. 
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FORMAL PAPERS—AUTHORS. 


Auten, E.S. See Reviews under Carslaw. 

ARcHIBALD, R. C. Frére Gabriel Marie, 280. 

BrapsHaw, J. W. See under Discussions. 

Bussey, W. H. The Origin of Mathematical 
Induction, 199. 

See Reviews under Lehmer. 

Cairns, W.D. Second Annual Meeting of the 
Association, 49. 

Second Summer Meeting of the Mathe- 
matical Association of America, 353. ~ 

Casor1, F. Discussion of Fluxions: from 
Berkeley to Woodhouse, 145. 

Capron, P. See under Discussions. 

Cuatsurn, G. R. See Reviews under Mills. 

Ciawson, J. W. An Inversion of the Com- 
plete Quadrilateral, 71. 

Cooter, J. L. A Simple Geometrical Para- 
dox, 76. 

Corey, 8S. A. See under Discussions. 

Cratuorne, A. R. See Mitchell. 

— H. H. See Reviews under Town- 
send. 

Dantett, P. J. New Rules of Quadrature, 
109, 302. 

Davis, Exizaseta B. See under Discussions. 

a L. Concerning Preferential Voting, 

DunxkzEL, O. See under Discussions. 

Emcu, A. A Problem in Perspective, 379. 

a Useful Principle in Curve Tracing, 

See Reviews under Coolidge. 

Evans, G.W. Cavalieri’s Theorem in his own 
Words, 447. 

Forp, W. B. (Chairman of Library Com- 
mittee). A List of Mathematical Books 
for Schools and Colleges, 368. 

See Reviews under Byerly. 

FRANKLIN, P. See under Discussions. 

FRUMVELLER, A. F. Quadratic Factors of 
Polynomials, 208. 

The Graph of F(x) for Complex Num- 
ber, 409. 

Garrett, W.H. See Mitchell. 

GranaM, B. Some Calculus Suggestions by a 
Student, 265. 

Herat, W. E. See under Discussions. 

Heprick, E. R. The Significance of Mathe- 
matics, 401. 

Hitz, L.S. See under Discussions. 

—— See Reviews under Huntington. 

Hopes, F.H. See under Discussions. 

How.anp, L. A. See under Discussions. 

Hountineton, E. V. On Setting up a Definite 
Integral without the use of Duhamel’s 
Theorem, 271. 

The Logical Skeleton of Elementary 


Dynamics, 1. 


See under Discussions. 

Jackson, C.8. A Problem in Probability, 73. 

Jackson, D. See under Discussions. 

Jounson, R. A. Directed Angles and Inver- 

-_ with a Proof of Schoute’s Theorem, 

Directed Angles in Elementary Geom- 

etry, 101 

See under Discussions. 

Karprnsk1, L.  Algebraical Developments 
the Egyptians and Babylonians, 

57. 


See Reviews under Cajori. 

Kempner, A. Simple Hints on Plotting 
Graphs in Analytic Geometry, 17. 

A Simple Relation between Elementary 
Number Theory and Elementary Pro- 
jective Geometry, 317. 

LatHaM, Marcia. The Astrolabe, 162. 

er & D.N. See Reviews under Wilczyn- 
ski. 

Lennes, N. J. See under Discussions. 

Martin, E. N. See under Discussions. 

Miuter, G. A. Mathematics in the New 
International Encyclopaedia, 106. 

The Obsolete in Mathematics, 453. 

Mircuett, U. G., Crathorne, A. R. and 
Garrett, W. H. Algebra Courses for 
College Juniors and Seniors, 362. 

See under Discussions. 

Moors, C. L. E. A Substitute for Dupin’s 
Indicatrix, 456. 

Moritz, . On the Construction of 
Certain Curves Given in Polar Coérdi- 
nates, 213. 

NyserG, J. The Presentation of the Notion 
of Function, 309. 

The Linear Function and the Line, 406. 

Parker, DeW.H. See Reviews under Rich- 
ardson. 

Peterson, O. J. The Double Points of 
Rational Curves, 376. 

Porter, M. B. See under Discussions. 
PurnamM, T. M. Mathematical Forms of 
certain Eroded. Mountain Sides, 451. 

Ransom, W. R. See Reviews under Love. 

Rees, E. L. See under Discussions. 

Reyrno.ps, J. B. See under Discussions. 

Rwer, P. R. See under Discussions. 

An Intrinsic Equation Solution of a 
Problem of Euler, 420. 

Rossins, F. E. See Reviews under Johnson. 

ScumiepeL, O. See under Discussions. 

Sarra,D.E. On the Origin of Certain Typical 
Problems, 64. 

Mathematical Problems in Relation to 

pa History of Economics and Commerce, 
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Snyper, V. See Reviews under Ziwet. 

Stacer, H. W. Note on Some Applications 
of a Geometrical Transformation to Cer- 
tain _- of Spheres, 154. 

SznyTER H. Some Metrical Properties 
of “iy Pentahedroid in a Space of Four 
Dimensions, 113. 

Taytor, E. H. See Reviews under Wells. 

Tripp, M.O. See under Discussions. 

UNpDERHILL, A. L. See Reviews under Phillips. 
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Van DER Vrigs, J. N. A Course in Geometry 
for Colle sabe Juniors and Seniors, 21. 
Vivian, R See Reviews under Cajori. 
WILSON, E. B. See under Discussions. 
Woops, B. M. See Reviews under Hudson. 
Youne, J. W. The Work of the National 
Committee on Mathematical Require- 
ments, 463. 
Zrwet, A. See under Discussions. 


FORMAL PAPERS—SUBJECTS. 


Algebra Courses for College Juniors and 
Seniors. U. G. Mircuez, A. R. Cra- 
THORNE, W. H. Garrett, 362. 

Algebraical Developments among the Egyp- 
tians and Babylonians. L. Karpinsk1, 


257. 

Angles, Directed, in Elementary Geometry. 
R. A. Jonnson, 101. 

Angles, Directed, and Inversion, with a Proof 
of Schoute’s Theorem. R. A. JoHNson, 
313 


Annual Meeting of the Association, Second. 
W. D. Catrns, 49. 

Applications of a Geometrical Transformation 
to Certain Systems of Spheres. H. W. 
Sraaer, 154. 

Astrolabe, The. Marcia LatuHaM, 162. 

Babylonians and Egyptians, Algebraical De- 
velopments among. L. Karpinski, 257. 

Berkeley, Discussion of Fluxions: from Berk- 
eley to Woodhouse. F. Casonrt, 145. 

Books, List of Mathematical. Lisrary Com- 
MITTEE, 368. 

Calculus Suggestions by a Student. B. 
GraHaM, 265. 

Cavalieri’s Theorem in his own Words. G. W. 
Evans, 447. 

Com lete Quadiilateral, AnInversionof. J.W. 

LAWSON, 71. 

Complex Numbers, Graph of F(z) for. A. F. 
FRUMVELLER, 409. 

Concerning Preferential Voting. L. L. Divzs, 
321. 


Construction of Certain Curves Given in Polar 
Coérdinates. R. E. Moritz, 213. 

Courses, Algebra for College Juniors and 
Seniors. U. G. Mrrcneizi, A. R. Cra- 
THORNE, W. H. Garrett, 362 

urse in Geometry for College Juniors and 
Seniors. J. N. Van Vrigs, 21. 

Curve Tracing, A Useful Principle in. A. 
168. 

Definite Integral, On Setting up—without the 
Use of Duhamel’s Theorem. E. V. 
HuntTINGTON, 271. 

Directed Angles and Inversion. 
SON, 313. 

Directed Angles in Elementary Geometry. 
R. A. Jounson, 101 

Discussion of Fluxions: from Berkeley to 
Woodhouse. F. Casort, 145 


R. A. JoHN- 


Double Points of Rational Curves. O. J. 
PETERSON, 376. 


Duhamel’s Theorem, On Setting up a Definite 
Integral without the Use of. E. V. 
Huntington, 271. 

Dupin’s Indicatrix, A Substitute for. C. L. E. 
Moors, 4 

Logical Skeleton of Elemen- 

tary. E. V. Huntinerton, 1. 

Eroded’ Mountain Sides, Mathematical Forms 
of. T. M. Putnam, 451. 

Egyptians and Babylonians, Algebraical De- 
velopments among. _Karpinskl, 257. 

Mathematics in New Inter- 
national. G. A. MILuEr, 1 

Factors, Quadratic, of Polynomials. A, 
Frumveller, 208. 

Fluxions, Discussion of, from Berkeley to 
Woodhouse. F. Casort, 145. 

Frére Gabriel Marie. R. C. ArcHIBALD, 280. 

Function, The Presentation of the Notion of. 

. NyBera, 309. 


Function, The Linear and the Line. J. 
Nysera, 406. 
Geometrical Paradox, A Simple. J. A. 


Coo.incE, 76. 

Geometrical ‘Transformation, Applications of 
to Certain Systems of Spheres. H. W. 
Stracer, 154. 

Geometry, Course i “ for College Juniors and 
Seniors. J. VAN DER VRIES, 21. 

Geometry, A Sim iP Relation between Ele- 
mentary Number Theory and Elementary 
Projective. A. Kempner, 317. 

Graph of F(x) for Complex Numbers. A. F. 
FRUMVELLER, 409. 

Graphs, Simple Hints on Plotting, in Analytic 
Geometry. A. Kempner, 17. 

History of Economics and Commerce, Mathe- 
matical Problems in Relation to. D. E. 
221. 

Indicatrix, Dupin’ s, A Substitute for. C.L. E. 
Moors, 456 

Induction, Mathematical, Origin of. W. H. 
Bussry, 199. 

Intrinsic Equation Solution of a Problem of 
Euler. P. R. Riper, 420. 

Inversion, Directed Angles and. R. A. Jonn- 
SON, 313. 


Inversion of Complete Quadrilatera. J. W. 
Criawson, 71. 
Linear Function and the Line. J. Nypere, 


406. 
List of Mathematical Books. Liprary Com- 
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letes Skeleton of Elementary Dynamics. 
V. HuntineTon, 1. 

Mothemationl Association, Second Annual 
Meeting of. W. D. Carns, 49. 

Summer Meeting of. W. D. 
Carrns, 353. 

Mathematical Books, List of. 
MITTEE, 368. 

Mathematical Induction, The Origin of. W. 
H. Bussey, 199. 

Mathematical Form of certain Eroded Moun- 
tain Sides. T. M. Purnam, 451. 

Mathematical Problems in Relation to the 

% of Economics and Commerce. 

MITH, 221. 

Mathematical Requirements, Work of the 
National Committee on. J. W. Youna, 


E. R. 


Liprary Com- 


63. 

Mathematics, The Significance of. 
Heprick, 401. 

Mathematics in the New International Ency- 
clopaedia. G. A. Mruuer, 106. 

Mathematics, The Obsolete in. G. A. MILLER, 


Meeting of the Association, Second Annual. 
W. D. Cartrns, 49. 
Summer. W. D. Carns, 
Metrical Properties of the Pentahedroid in a 
Space of Four Dimensions. M. H. 
SznyTER, 113. 


National Committee on Mathematical Require- 
ments, The Work of. J. W. Youna, 463. 


New International Encyclopaedia, Mathe- 
matics in. G. A. Mrtuer, 106. 
New Rules of Quadrature. P. J. DAnre.t, 109. 


Note on Some Applications of a Geometrical 
Transformation to Certain Systems of 
‘Spheres. H. W. Sracnr, 154. 

Number Theory and Projective Geometry, A 
Relation between. A. KEMPNER, 

317. 


Obsolete in Mathematics. G. A. MrIuuer, 453. 

Origin of Certain Typical Problems. D. E. 
Smit, 

Origin of "Mathematical Induction. W. H. 
Bussey, 199. 

Paradox, A Simple Geometrical. J. L. Coot- 


IDGE, 76. 

Pentahedroid, Metrical Properties, in Space of 
Four Dimensions. M. H. Sznyter, 113. 

Perspective, A Problem in. A. Emcu, 379. 

Plotting Graphs in Analytic Geometry, Simple 
Hints on. A. Kempner, 17. 
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Polar Coérdinates, Construction of Certain 
es Given in. R. E. Morrrz, 213. 

Problem of Euler, An Intrinsic Equation 
Solution of. P. R. Riwer, 420. 

Preferential Voting. L. L. Drngs, 321. 

Presentation of the Notion of Function. J. 
NYBERG, 309. 

Probability, A Problem in. C. 8. JACKSON, 73. 

Problem in Perspective. A. Emcu, 379. 

Problem in Probability. C.S. Jackson, 73. 

Problems, Mathematical, in Relation to the 
History of Economics and Commerce. 
D. E. Smits, 221. 

Problems, Origin of Certain Typical. D. E. 
SMITH, 

Projective "Geometry and Number Theory, A 
Simple Relation between. A. Kempner, 


317. 
Quadratic Factors of Polynomials. A. F. 
P. J. DANIELL, 109. 


FRUMVELLER, 208. 
uadrature, New Rules of. 
tional Curves, The Double Points of. O. J. 
PETERSON, 376. 

Schoute’s Theorem, Directed Angles and In- 

= with a Proof of. R.A. JoHNson, 
13. 

Setting up a Definite Integral without the Use 
of Duhamel’s Theorem. E. V. Huntinc- 
TON, 271. 

Significance of Mathematics. E. R. Hepricx, 
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Geometrical Paradox. J. L. 

Simple Hints on Plotting Graphs in Analytic 
Geometry. A. Kempner, 17. 

Simple Relation between Elementary Number 
Theory and Elementary Projective Geom- 
etry. A. Kempner, 317. 

Some Calculus Suggestions by a Student. B. 
GraHaM, 265. 

Some Metrical Properties of the Pentahedroid 
in a Space of Four Dimensions. M. H. 
Sznyter, 113. 

Systems of Spheres, Some Applications of a 
Geometrical Transformation to. H. W. 
Stacer, 154. 

in Curve Tracing. A. Emcu, 


Voting, Preferential. L. L. Dives, 321. 

Woodhouse, Discussion of Fluxions: 
Berkeley to. F. Cason, 145. 

Work of the National Committee on Mathe- 
matical Requirements. J. W. Youne, 
463. 
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QUESTIONS AND DISCUSSIONS—AUTHORS. 


BrapsHaw, J. W. Approximate Construction 
for an Ellipse, 301. 

Capron, P. Construction for 
an Ell llipse, 90 

ae to a Construction for the 

gy of a Cubic, 436. 

Corry,$.A. A Mixed Integral and Function- 
al Equation, 341. 

Davis, ExizasetH B. Extension of Wilson’s 
Theorem, 95. 


O. The Ex 
FRANKLIN, P. The 
= 137. 


onential Function, 244. 
eal Locus Defined by 


Heat, W.E. Demonstration of a Geometrical 
Theorem, 344. 
Hitt, L. 8. Concerning Huntington’s Con- 
a and Other Types of Serial Order, 
45. 
How.anp, L. A. Approximate Construction 
for an Ellipse, 189. 
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Huntineton, E. V. A Reply to Professors 
Ziwet and Jackson on Mechanics, 473. 
Jackson, D. Mass and Force in Elementary 
Dynamics, 298. 

A Problem in Minima, 42. 

Jounson, R.A. ‘A Problem in Minima” Dis- 
cussed by Professor Jackson, 243. 

Lennes, N. J. The Order of Operations in 
Algebra, 93. 

Martin, E. N. Required Mathematics for 
Women Students, 394. 

Martuews, R. M. The Derivation of a Dis- 
tance Formula, 476. 

Porter, M. B. Infinite Products for sin z 
and cos z, 246. 

Ress, E.L. An Equation Balance, 136. 
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Reynotps, J. B. A Curve with Unusual 
Properties, 343. 

Rower, P. R. Illustration of a Nec 
Condition in Minimizing a Definite In- 
tegral with Discontinuous Integrand, 134. 

ScuMIEDEL, O. Reduction of S cos 6? d@ with- 
out cos 6, 342. 

Trier, M.O. The Indeterminate Form 2, 194. 

Wiuson, E. B. An Instructive Problem in 
Attraction, 41. 

Infinitesimal Methods in Geometry, 


241. 

Zrwet, A. Some Reflections on the Teaching 
of Mechanics Suggested by Professor 
Huntington’s Article, 296. 


QUESTIONS AND DISCUSSIONS—SUBJECTS. 


Attraction, An Instructive Problem in. E. B. 
Witson, 41. 

Construction for the Graph of a Cubic. P. 
Capron, 436. 

Continuum and Other Types of Serial Order, 
Huntington’s. L. 8S. Hitt, 345. 

Curve with Unusual Properties. J. B. Rry- 
NOLDS, 343. 

Demonstration of a Geometrical Theorem. 
W. E. Heat, 344. 


Distance Formula, Derivation of. R. M. 
Martuews, 476. 
Ellipse, Approximate Construction of. P.Ca- 


PRON, 90. 
— ———._ J. W. Brapsuaw, 301. 
———— L.A. How3anp, 189. 
Equation Balance. E. L. Rexs, 136. 
Equation, Mixed Integral and Functional. 
8. A. Corny, 341. 
Exponential Function. O. DunxKeEt, 244. 
Extension of Wilson’s Theorem. ExizaBeru 
B. Davis, 95. 
Huntington’s Continuum. L. 8. Hm, 345. 
Indeterminate Form $. M. O. Tripp, 194. 
Infinite Products for sinz and cosz. M. B. 
Porter, 246. 
Infinitesimal Methods in Geometry. E. B. 
Wison, 241. 


Locus, Real, Defined by 2¥ = y*. 
LIN, 137. 

Minima, Problem in. D. Jackson, 42. 

Minima, Problem in, Discussed by Professor 
Jackson. R. A. JOHNSON, 243. 

Mass and Force in Elementary Dynamics. 
D. Jackson, 298. 

Mathematics, Required, for Women Students. 
Emir N. Martin, 394. 
Mechanics, A iG % to Professors Ziwet and 
Jackson on, E. V. Huntineton, 473. 
Mechanics, Some Reflections on the Teaching 
of, Suggested by Professor Huntington’s 
Article. A. Zrwet, 296. 

Minimizing a Definite Integral with Discontin- 
uous Integrand, Illustration of a Necessary 


P. FRANK- 


Condition in. P. R. Riper, 134. 

Order of Operations in Algebra. N. J. 
LENNES, 93. 

Reduction of {cos 6?d@ without expanding 


cos O.ScHMIEDEL, 342. 

Required Mathematics for Women Students. 
N. Martin, 394. 

Solution of the Equation 2" + y" = 2", 89. 

Wilson’s Theorem, Extension of. ExizaBeru 
B. Davis, 95. 


BOOK REVIEWS. 


Byerly, W. E. Introduction to the Calculus 
of Variations. W. B. Forp, 464. 

Cajori, Florian. A History of Elementary 
Mathematics, with Hints on Methods of 
Teaching. R. H. Vivian, 395. 

William Oughtred, a Great Seven- 
teenth Century Teacher of Mathematics. 
L. C. KarprnskI, 29. 

Carslaw, H.S. The Elements of Non-Euclid- 
ean Plane Geometry and Trigonometry. 
E. 8. ALLEN, 382. 

Coolicge, J. L. A Treatise on the Circle and 
the Sphere. A. Emcu, 276. 

Hart, W. W. See Wells. 

Hopkins, A. D. See Ziwet. 

Hudson, H. P. Ruler and Compasses. B. M. 
Woops, 275. 


Huntington, E.V. The Continuum and Other 
Types of Serial Order. L.S. Hruz, 325. 
Johnson, G. The Arithmetical Philosophy of 
Nicomachus of Gerasa. F. E. Ropsins, 
21 


121. 

Landis, E. H. See Richardson. 

Lehmer, D. N. An Elementary Course in 
Synthetic Projective Geometry. W. H. 
Bussey, 422. 

Love, C. E. Differential and Integral Calcu- 
lus. W.R. Ransom, 173. 

Mills, C. N. A Short Course in Elementary 


Mechanics for Engineers. G. R. Cuat- 
BURN, 172. 
Phillips, H. B. Differential Calculus. A. L. 


NDERHILL, 78. 
Richardson, R. T. and Landis, E. H. Funda- 
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mental Conceptions of Modern Mathe- 
matics; Variables and Quantities, with a 
Discussion of the General Conception of 
Functional Relation. D. H. Parker, 


Slaught, H H.E. See Wilczynski. 
Townsend, E. J. Functions of a Complex 
Variable. H. H. DaakER, 228. 
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Wells, W. and Hart, W. W. Plane and Solid 
Geometry. E. H. Taytor, 119. 

Wilczynski, E. J. and Slaught, H. E. College 
Algebra with Applications. D. N. Lza- 
MER, 230. 

Ziwet, A. and Hopkins, A. D. Elements of 
Analytic Geometry. Viren Snyper, 173. 


NEW BOOKS—BRIEF MENTION. 


ae. Claude. A Primer of Higher Space, 


ns our Dimensional Vistas, 78. 

Projective Ornament, 78. 

Elson, W. See Short, R. L. 

Evans, G. W., and Marsh, J. A. First Year 
Mathematics, 78. 

Hopkins, L. A. See Ziwet, A. 


J. A. See Evans, G. W. 
Mills, C. N. A Short Course i e Elementary 

Mechanics for Engineers, 78. 
— A R. New Plane and Solid Geom- 


Short, oR and Elson, W. H. Introduction 
to Mathematics, 78. 


PROBLEMS—AUTHORS. 


Numbers refer to pages, black-face type indicating a problem solved and solution published, 
italics a problem solved but solution not published, ordinary type a problem proposed. 


Adams, O. S., 30, 31, 33, 38, 80, 83, 84, 86, 
124, 126, 128, 130, 132, 181, 182, 184, 
186, 187, 188, 236(2), 237, 289, 292, 
52912), $82, 334, 341, 390, 392, 435, 470, 


472 
Altshiller, N., 32, 83, 179, 152, 183, 236, 329. 


Anning, N., 80, 88, 89, 124, 133, 187, 188, 

Atchison, C.S 

Bacon, ron 

Babbitt, Albert, 466. 

Baker, R. P., 287 (2), 290 

Baldwin, J. W. 124, 127, 238, 289, 295, 332, 434. 

Barrow, D. 

Beman, W. 430. 

Beers, H. 8., 336. 

Bell, E. T., 39) 240, wees), 295, 471 (note). 

Bennett, A. re 30, 31, 80, 125, 176, 181, 241, 
331, 388, 389, Pty 

Benson 83. 

Breit, G., 33 

Brown, B. a ‘128, 294, 430. 

Brown, E. W., 233. 

Brown, M. 

Bullard, J. A., i, 124, 233. 

Campbell, H., 426. 

Cairns, W. D, 40(note), 88. 

Canaday, E. F., 89, $32, 333, 428, 467. 

Caparo, J. A., 39, 426, 427, 428, 480, 434. 

Capron, P., 33, 34, 36, 38, 39, 80, 84, 86, 127, 
130, 182, 186, 237, 241, 289, 293, 294, 
$29; 333, 336, 390(2). 

Caris, A. G., "132. 

Carleton, H. N., 33, 38, 41, 89, 132 (2), 188, 
296, 339, 341, 390. 

Carmichael, G. N., 389. 

Chittenden, E. W. 328. 

Clark, E. E., 82. 

Clark, H, 88. 

Clark’ L., 132. 

Clarke, E .H., 241. 


Clawson, J. W., 39, 84, 85, 127, 132, 291, 295, 
839, 392, 430. 

Cohen, A., 179. 

Colson, J. A., 85, 133, 188. 

Conwell, H. H., 182, 233, 236. 

Coolidge, J. L., 289(note). 

Corey, S. A., 30, 132, 176, 288, 330, 426, 428. 

Curtiss, D. R., 232. 

Dantzig, T., 290. 

Davis, Elizabeth B. F 88, 89, 177, 295, 329. 

Davis, H. T., 188, 240, 338. 

De Long, I. M., 178. 


Dunkel, O., 327. 

Eckson, J. A., 38. 

Eells, W. C., 39, 40. 

Eppes, J. B., 130. 

Escott, E. B., 40, 79, 83, 125, 125, 133, 232, 
237, 240, 289, 295, 340, 341, 390, 471. 

Feemster, H. C., 38, 39, 132, 181, 187, 289, 
295, 389, 427. 

Finkel, B. F., 87, 388, 430. 

Gaffet, M. R., 186, 236. 

Ginsburg, J. J., 30, 32, 33, 289. 

Githens, C. E., 332, 340. 

Godfrey, 8.C., 469. 

Greenstreet, W. J .» 291. 

Gronwall, T. H., 232. 

Gummer, C. F., 126, 177, 177, 181, 184, 231(2), 
233, 289, 293, 333, 340, 436, 471, 473. 

Haldeman, C. B., 125. 

Hanson, H. O., 82. 

Harding, A. M., 32, 33, 38, 83, 84, 86, 186, 
187, 236, 240, 336, 429, 467. 

Hartwell, G. W., 32, 38, 81, 83, 84, 126, 127, 
236, 294, 336, 390, 391, 428. 

Hatch, J. E., 332. 

Heston, H., 426. 

Holmes, A. H., 41, 131, 132. 

Hoover, W., 82, 87, 124, 127, 182, 232, 236, 
295, 335, 388, 391, 469, 470. 


| | 
Duncan, C. R., 287, 390. 
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ERRATA NOTED IN VOLUME XXIV. 


Page 20, line 17 up, for “x — y’ > read “a-y.” 
Page 30, line 4 up, for “Pitisi” read “ Pitisci.” 
Page 39, line 12 up, for “ W. H. Thome” read “ W. J. Thome.” 
Page 44, line 17 up, for “ Montana” read “Minnesota”; for “F. L.” read “H. L.” 
Line 12 up, for “H. W. Myers” read “H. S. Myers.” 
Line 11 up, for “H. W. Roever” read “W. H. Roever.” 
Page 70, line 6 down, for “Suma” read “Sima.” 
Page 71, line 19 up, for “i,” read “X.” 
Page 85, last line, for “ Hosley” read “Lasley.” 
Page 88, line 8 up, for “equation becomes” read “equations become.” 
Page 94, line 11 up, add “except as first noted.” 
Page 125, line 16 down, for ‘ M. T. Reed,” read “‘ M. T. Peed.” 
Line 17 down, for “‘ Whiteford ” read “‘ Whitford.” 
Page 132, lines 3 down and 4 up, for “ Whiteford ” read ‘‘ Whitford.” 
Page 139, lines 4 and 5 down, for ‘‘ Glazier’ read ‘‘ Glaisher.”’ 
Page 176, line 9 up, for “2 A D” read “2 A B.” 
Page 307, line 10 up, for “Left” read “Gauche.” 
Page 328, line 5 down, for “"2” read “2”.” 
Page 332, line 6 down, for “Yenn” read “Yen.” 
Line 4 down, for “ Woods” read “ Wood.” 
Page 336, line 8 down, for “Sir Arthur” read “ Arthur.” 
Page 428, line 14 up, for “C. H.” read “E. H.” 
Page 441, line 9 down, for ‘‘ Professor Glazier” read “‘ Dr. J. W. L. GLAISHER.”’ 
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